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YUNHYUNG CHO
ABSTRACT. Let (M,ωM ) be a six dimensional closed monotone symplectic manifold admitting an effective semifree
Hamiltonian S1-action. We show that if the maximal and the minimal fixed component are both two dimensional, then
(M,ωM ) is S1-equivariantly symplectomorphic to some Ka¨hler Fano manifold (X,ωX , J) equipped with a certain
holomorphic Hamiltonian S1-action. We also give a complete list of all such Fano manifolds together with an explicit
description of the corresponding S1-actions.
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1. INTRODUCTION
A Fano variety is a smooth projective variety whose anti-canonical bundle is ample. It is proved by Kolla´r-
Miyaoka-Mori [KMM] that there are finitely many deformation classes of Fano varieties in each dimension. The
complete classification has been known up to dimension three by Iskovskih and Mori-Mukai [I1, I2, MM], and up
to dimension five for toric Fano case by Batyrev and Kreuzer-Nill [Ba, KN].
A monotone symplectic manifold is a symplectic analogue of a Fano variety in the sense that 〈c1(TM), [Σ]〉 > 0
for every symplectic surface Σ. In a low dimensional case, the monotonicity of ω implies that (M,ω is symplecto-
morphic to some Ka¨hler manifold. Especially in dimension four, it was proved by Ohta-Ono [OO2] that any closed
monotone symplectic four manifold is diffeomorphic to a del Pezzo surface (and hence Fano by the uniqueness
of a symplectic structure on a rational surface proved by McDuff [McD3]). On the other hand, it turned out by
Fine-Panov [FP] that a monotone symplectic manifold need not be Ka¨hler in general. More precisely, they con-
structed a twelve dimensional closed monotone symplectic manifold having the fundamental group which is not a
Ka¨hler group. We notice that the existence of a closed monotone symplectic non-Ka¨hler manifold is still unknown
in dimension 6, 8, or 10.
In a series of papers, the author deals with the following conjecture.
Conjecture 1.1. [LinP, Conjecture 1.1][FP2, Conjecture 1.4] Let (M,ω) be a six dimensional closed monotone
symplectic manifold equipped with an effective Hamiltonian circle action. Then (M,ω) is S1-equivariantly sym-
plectomorphic to some Ka¨hler manifold (X,ωX , J) with a certain holomorphic Hamiltonian S1-action.
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In the previous work [Cho], the author proved that Conjecture 1.1 holds under the assumptions that the action
is semifree1 and at least one of extremal fixed components is an isolated point. Indeed, there are 18 types of such
manifolds and their algebro-geometric descriptions (in the sense of Mori-Mukai [MM]) as well as their fixed point
data are illustrated in [Cho, Section 6,7,8] and [Cho, Table 9.1], respectively. For the complete classification of
semifree S1-actions, it remains to deal with the case where every extremal fixed component is non-isolated.
In this paper, we prove the following.
Theorem 1.2. Let (M,ω) be a six-dimensional closed monotone symplectic manifold equipped with a semifree
Hamiltonian circle action. Suppose that the maximal and the minimal fixed component are both two-dimensional.
Then (M,ω) is S1-equivariantly symplectomorphic to some Ka¨hler manifold with a certain holomorphic Hamil-
tonian circle action. In fact, there are 21 types of such manifolds up to S1-equivariant symplectomorphism.
1.1. Summary of the classification. Figure 1 (except for (II-2.2) and (III-3)) illustrates all possible moment map
images of a six-dimensional closed monotone symplectic manifold with a Hamiltonian torus action which induces
a semifree circle action with two dimensional extremal fixed components.
(I-1) (II-1.1) (II-1-2) (II-1.3) (II-2.1) (II-2.2)
(III.1) (III.2) (III.3) (IV-1-1.1) (IV-1-1.2) (IV-1-1.3)
(IV-1-2) (IV-2-1.1) (IV-2-1.2) (IV-2-2.1) (IV-2-2.2) (IV-2-3)
(IV-2-4) (IV-2-5) (IV-2-6)
FIGURE 1. Semifree S1-Fano 3-folds with two dimensional extremal fixed components
Note that
• red edges are images of fixed spheres,
• red dots are images of isolated fixed points.
Two exceptional cases (II-2.2) and (III-3) are conceptual images each of which depicts a blowing up of a complexity-
one and complexity zero (toric) variety along some S1-invariant sphere, respectively. Later, one can see that
1An S1-action is called semifree if it is free outside the fixed point set.
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(1) (I-1), (II-1.2), (II-1.3), (II-2.1), (III.1), (III.2), (IV-1-1.1), (IV-1-1.2), (IV-1-2), (IV-2-2.1), (IV-2-3), (IV-
2-4), (IV-2-5), (IV-2-6) are toric,
(2) (II-1.1), (IV-1-1.3), (IV-2-1.1), (IV-2-1.2), (IV-2-2.2) are of complexity one, and
(3) (II-2.2), (III-3) are of complexity two
where the complexity of a variety X is by definition half the minimal codimension of a (possibly improper) toric
subvariety of X . More detailed description of the manifolds and the actions thereon can be found in Section 5, 6,
7, 8. See also Table 9.1.
1.2. Outline of Proof of Theorem 1.2. The strategy of the proof of Theorem 1.2 is essentially the same as one
used in [Cho]. The main difference from [Cho] is that the normal bundle of an extremal fixed component could
be arbitrary, while the normal bundle of an isolated extremum is always trivial and isomorphic to C3. By careful
analysis of the geometry of reduced spaces, we may overcome the difficulty and obtain a full list of (topological)
fixed point data as given in Table 9.1, which leads to symplectical rigidity2 of reduced spaces. This fact enables us
to utilize the following theorem.
Theorem 1.3. [G, Theorem 1.5] Let (M,ω) be a six-dimensional closed semifree Hamiltonian S1-manifold. Sup-
pose that every reduced space is symplectically rigid. Then (M,ω) is determined by its fixed point data up to
S1-equivariant symplectomorphism.
Here, by the fixed point data of (M,ω) we mean a collection of a symplectic reduction3 at each critical level
together with an information of critical submanifolds (or equivalently fixed components) as embedded symplectic
submanifolds of reduced spaces. (See Definition 3.3 or [G, Definition 1.2].)
We divide the proof of Theorem 1.2 into three steps :
• (Step 1) Classify all topological fixed point data4. In this process, we obtain a complete list of all topolog-
ical fixed point data as described in Table 9.1. Then it follows that every reduced space is diffeomorphic to
one of the following manifolds : CP 1 ×CP 1 or Xk : k-times blow-up of CP 2 for 1 ≤ k ≤ 4 where those
spaces are known to be symplectically rigid (see Section 9).
• (Step 2) Show that each topological fixed point data determines a unique fixed point data.
• (Step 3) For each topological fixed point data given in Table 9.1, there exists a corresponding smooth Fano
variety with a holomorphic semifree Hamiltonian S1-action.
Then the proof of Theorem 1.2 immediately follows by Gonzalez’s theorem 1.3.
This paper is organized as follows. In Section 2, we build up our notations and introduce theorems about Hamil-
tonian S1-actions that will be crucially used in the rest of the paper. In Section 3, we give a rigorous definition
of (topological) fixed point data and explain the idea of the Gonzalez’s Theorem [G, Theorem 1.5]. Then, from
Section 5 to Section 8, we classify all topological fixed point data as well as provide examples of Fano varieties
with specific holomorphic C∗-actions for each fixed point data in Table 9.1. Finally in Section 9, we complete the
proof of Theorem 1.2.
Acknowledgements. The author would like to thank Dmitri Panov for bringing the paper [Z] to my attention.
The author would also like to thank Jinhyung Park for helpful comments. This work is supported by the National
Research Foundation of Korea(NRF) grant funded by the Korea government(MSIP; Ministry of Science, ICT &
Future Planning) (NRF-2017R1C1B5018168).
2See Section 3 for the definition.
3A reduced space at a critical level is not a smooth manifold nor an orbifold in general. However, if dimM = 6 and the action is semifree,
then a symplectic reduction at any (critical) level is a smooth manifold with the induced symplectic form. See Proposition 2.2.
4A topological fixed point data, or TFD for short, is a topological analogue of a fixed point data in the sense that it records “homology
classes”, not embeddings themselves, of fixed components in reduced spaces.
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2. BACKGROUND
In this section, we establish our notations and review some basic properties of a semifree Hamiltonian circle
action. We also refer to [Cho, Section 2,3,4] (and the references therein) in which basic materials (including the
ABBV localization and the Duistermaat-Heckman theorem) are provided in more detail.
Let S1 ⊂ C∗ be the unit circle group with the Lie algebra t and its dual Lie algebra t∗. An S1-action on a
symplectic manifold (M,ω) is called Hamiltonian if there exists a smooth function H : M → [a, b] ⊂ R (called a
moment map) such that
ω(X, ·) = dH(·)
for every X ∈ t where X denotes the fundamental vector field on M generated by X . Note that H is a perfect
Morse-Bott function and has many good properties (e.g., local normal form), see [Au, Chapter 4] or [Cho, Section
2].
Notation 2.1. We use the following notations.
• MS1 : fixed point set (which coincides with the critical point set of H).
• Crit H : set of critical values of H .
• Crit H˚ : set of non-extremal critical values of H .
• Zmin := H−1(a), Zmax := H−1(b) : minimal and maximal fixed component.
• Mt := H−1(t)/S1 : reduced space at level t ∈ [a, b]
• ωt : reduced symplectic form on Mt.
• P±c : principal S1-bundle pic± : H−1(c± )→Mc± where  > 0 is sufficiently small.
• e(P±c ) ∈ H2(Mc±;Q) : the Euler class of P±c .
• Zc : fixed point set lying on the level set H−1(c). That is, Zc = MS1 ∩H−1(c).
• R[λ] : cohomology ring of H∗(BS1;R), where−λ is the Euler class of the universal Hopf bundle ES1 →
BS1.
From now on, we assume that the S1-action on (M,ω) is semifree.
2.1. Topology of reduced spaces. In this section, we briefly review how the topology of a reduced space changes
when a level set of H passes through a critical level. Note that the ‘semifree’ condition implies that a reduced space
Mt is a smooth manifold for every regular value t of H .
Proposition 2.2. [McD2][GS] Let (M,ω) be a closed semifree Hamiltonian S1-manifold with a moment map
H : M → R and c ∈ R be a critical value of H . If Zc := H−1(c) ∩MS1 consists of index-two (co-index two,
resp.) fixed components, thenMc = H−1(c)/S1 is smooth and is diffeomorphic toMc− (Mc+, resp.). Also,Mc+
is the blow-up (blow-down, resp.) of Mc along Zc.
If M is of dimension six, then the condition of Proposition 2.2 is automatically satisfied so that a reduced space
is smooth for every (possibly critical) value of H . In fact, Guillemin-Sternberg [GS] states Proposition 2.2 in full
generality (i.e., without index assumptions), namely reduced spaces are in birational equivalence. See also the
paragraph below [Cho, Proposition 4.1] for the brief survey on this topic. They also describe how the reduced
symplectic form ωc+ can be obtained from ωc−. Recall that the Duistermaat-Heckman’s theorem [DH] says that
(2.1) [ωr]− [ωs] = (s− r)e, r, s ∈ I
where I is an interval consisting of regular values of H and e ∈ H2(Mr;Z) denotes the Euler class of the principal
S1-bundle pir : H−1(r)→Mr.
Lemma 2.3. [GS, Theorem 13.2] Suppose that Zc = MS
1 ∩ H−1(c) consists of fixed components Z1, · · · , Zk
each of which is of index two. Let e± be the Euler classes of principal S1-bundles pic± : H−1(c ± ) → Mc±.
Then
e+ = φ∗(e−) + E ∈ H2(Mc+;Z)
where φ : Mc+ →Mc− is the blow-down map and E denotes the Poincare´ dual of the exceptional divisor of φ.
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It is worth mentioning that if Zc in Lemma 2.3 is of codimension four in M , i.e., Zc is of co-dimension two in
Mc−, then the blow-up of Mc− is itself and the exceptional divisor becomes Zc so that we obtain the following.
Corollary 2.4. Under the same assumption with Lemma 2.3, if Zc is of co-dimension four in M , then the topology
of a reduced does change, i.e., Mc− ∼= Mc+. Moreover, we have
e+ = e− + PD(Zc) ∈ H2(Mc+;Z).
See also [McD1, Lemma 5] for the case of dimM = 6.
2.2. Equivariant cohomology. The equivariant cohomology of M is defined by
H∗S1(M) := H
∗(ES1 ×S1 M)
It admits a natural H∗(BS1)-module structure induced by the projection map pi :
(2.2)
M ×S1 ES1
f←↩ M
pi ↓
BS1
where f is an inclusion of M as a fiber. Then H∗(BS1)-module structure on H∗S1(M) is given by the map pi
∗ such
that
y · α = pi∗(y) ∪ α
for y ∈ H∗(BS1) and α ∈ H∗S1(M). One remarkable fact on the equivariant cohomology of a Hamiltonian
S1-manifold is that it is equivariantly formal.
Theorem 2.5. [Ki] Let (M,ω) be a closed symplectic manifold equipped with a Hamiltonian circle action. Then
M is equivariatly formal, that is, H∗S1(M) is a free H
∗(BS1)-module so that
H∗S1(M) ∼= H∗(M)⊗H∗(BS1).
Equivalently, the map f∗ is surjective with kernel x·H∗S1(M) where ·means the scalar multiplication ofH∗(BS1)-
module structure on H∗S1(M).
2.3. Localization theorem. Thanks to the equivariant formality, for any homogeneous element α ∈ HkS1(M), we
may express α as
(2.3) α = αk ⊗ 1 + αk−2 ⊗ λ+ αk−4 ⊗ λ2 + · · ·
where αi ∈ Hi(M) for each i = k, k − 2, · · · . We then obtain f∗(α) = αk where f is given in (2.2).
Definition 2.6. An integration along the fiber M is an H∗(BS1)-module homomorphism
∫
M
: H∗S1(M) →
H∗(BS1) defined by ∫
M
α = 〈αk, [M ]〉 · 1 + 〈αk−2, [M ]〉 · x+ · · ·
for every α = αk⊗1+αk−2⊗λ+αk−4⊗λ2+ · · · ∈ HkS1(M). Here, [M ] ∈ H2n(M ;Z) denotes the fundamental
homology class of M .
Now, let MS
1
be the fixed point set of the S1-action on M and let F ⊂ MS1 be a fixed component. Then the
inclusion iF : F ↪→M induces a ring homomorphism
i∗F : H
∗
S1(M)→ H∗S1(F ) ∼= H∗(F )⊗H∗(BS1).
For any α ∈ H∗S1(M), we call the image i∗F (α) the restriction of α to F and denote by
α|F := i∗F (α).
Then we may compute
∫
M
α concretely by using the following theorem due to Atiyah-Bott [AB] and Berline-
Vergne [BV].
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Theorem 2.7 (ABBV localization). For any α ∈ H∗S1(M), we have∫
M
α =
∑
F⊂MS1
∫
F
α|F
eS1(F )
where eS
1
(F ) is the equivariant Euler class of the normal bundle νF of F in M . That is, eS
1
(F ) is the Euler class
of the bundle
νF ×S1 ES1 → F ×BS1.
induced from the projection νF × ES1 → F × ES1.
2.4. Monotone symplectic manifolds. Now, we assume that ω is monotone and normalized, i.e., c1(TM) = [ω].
Definition 2.8. We call a moment map H : M → R balanced if it satisfies
H(Z) = −Σ(Z), Σ(Z) = sum of weights of the S1-action at Z
for every fixed component Z ⊂MS1 .
Note that there exists a unique balanced moment map. See [Cho, Proposition 4.4]. The following lemma is
immediate from Definition 2.8.
Lemma 2.9. [Cho, Lemma 5.9] Let (M,ω) be a six-dimensional closed monotone semifree S1-manifold with the
balanced moment map H . Then all possible critical values of H are ±3,±2,±1, and 0. Moreover, any connected
component Z of MS
1
satisfies one of the followings :
H(Z) dimZ ind(Z) Remark
3 0 6 Z = Zmax = point
2 2 4 Z = Zmax ∼= S2
1 4 2 Z = Zmax
1 0 4 Z = pt
0 2 2
−1 0 2 Z = pt
−1 4 0 Z = Zmin
−2 2 0 Z = Zmin ∼= S2
−3 0 0 Z = Zmin = point
TABLE 2.1. List of possible fixed components
Another important fact on the balanced moment map is that the monotonicity property of the reduced symplectic
form ω0 at level zero is inherited from ω.
Proposition 2.10. [Cho, Proposition 4.8, Remark 4.9] Let (M,ω) be a semifree Hamiltonian S1-manifold with
c1(TM) = [ω] and H be the balanced moment map. If the symplectic reduction is defined at level zero, then
(M0, ω0) is a monotone symplectic manifold with [ω0] = c1(TM0)
By Proposition 2.10 and Ohta-Ono’s classification [OO2] of closed monotone symplectic four manifolds, we
obtain the following.
Corollary 2.11. Let (M,ω) be a six-dimensional closed monotone semifree S1-manifold with the balanced moment
map H . Then M0 is diffeomorphic to a del Pezzo surface, i.e.,
M0 ∼= CP 2,CP 1 × CP 1, or Xk (k ≤ 8)
where Xk denotes the k-points blow-up of CP 2.
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3. FIXED POINT DATA
In [Li2, Li3], Li introduced the notion of a fixed point data (or FD shortly) for some particular semifree Hamil-
tonian S1-manifold and Gonzalez [G] defined it in more general context. Also, the author [Cho] defined a topolog-
ical fixed point data (or TFD for short). In this section, we briefly overview the notions FD and TFD of a closed
semifree Hamiltonian S1-manifold and explain how the fixed poitn data determines a manifold up to S1-equivariant
symplectomorphism. We also refer to [Cho, Section 5] for more detail.
3.1. Slices and Gluing. Any closed Hamiltonian S1-manifold can be decomposed into slices and, conversely, a
family of slices with certain compatible conditions determines a closed Hamiltonian S1-manifold . More precisely,
let (M,ω) be a Hamiltonian S1-manifold with a moment map H : M → I ⊂ R. Assume that the critical values of
H are given by
minH = c1 < · · · < ck = maxH.
Then, M can be decomposed into a union of Hamiltonian S1-manifolds {(Nj , ωj)}1≤j≤2k−1 with boundaries :
N2j−1 = H−1([cj − , cj + ]︸ ︷︷ ︸
=:I2j−1
), N2j = H−1([cj + , cj+1 − ]︸ ︷︷ ︸
=:I2j
)
where  > 0 is chosen to be sufficiently small so that I2j−1 contains exactly one critical value cj of H for each j.
We call those N2j−1’s and N2j’s critical and regular slices, respectively.
Definition 3.1. [G] [Cho, Definition 5.1, 5.2]
(1) A regular slice (N, σ,K, I) is a free Hamiltonian S1-manifold (N, σ) with boundary and K : N → I is a
surjective proper moment map where I = [a, b] is a closed interval.
(2) A critical slice (N, σ,K, I) is a semifree Hamiltonian S1-manifold (N, σ) with boundary together with
a surjective proper moment map K : N → I = [a, b] such that there exists exactly one critical value
c ∈ [a, b] satisfying one the followings :
• (interior slice) c ∈ (a, b),
• (maximal slice) c = b and K−1(c) is a critical submanifold,
• (minimal slice) c = a and K−1(c) is a critical submanifold.
(3) An interior critical slice is called simple if every fixed component in K−1(c) has the same Morse-Bott
index.
Two slices (N1, σ1,K1, I1) and (N2, σ2,K2, I2) are said to be isomorphic if there exists an S1-equivariant
symplectomorphism φ : (N1, σ1)→ (N2, σ2) satisfying
N1
φ //
K1

N2
K2

I1
+k // I2
where +k denotes the translation map as the addition of some constant k ∈ R. The following lemma tells us when
two slices can be glued along their boundaries.
Lemma 3.2. [Li3, Lemma 13][McD2, Lemma 1.2] Two slices (N1, σ1,K1, [a, b]) and (N2, σ2,K2, [b, c]) can be
glued along K−1i (b) if there exists a diffeomorphism
φ : (N1)b → (N2)b, (Ni)b := K−1i (b)/S1
such that
• φ∗(σ2)b = (σ1)b, and
• φ∗(e2)b = (e1)b
where (σi)b and (ei)b denote the reduced symplectic form on (Ni)b and the Euler class of the principal S1-bundle
K−1i (b)→ (Ni)b, respectively.
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Now, suppose that S = {(Ni, σi,Ki, [ai, bi])} be a finite family of slices with gluing data
Φ := {φi : (Ni)bi → (Ni+1)ai+1}
satisfying the conditions in Lemma 3.2. Then (S,Φ) determines a closed Hamiltonian S1-manifold denoted
by M(S,Φ). Note that M(S,Φ) may not be S1-equivariantly symplectomorphic (nor even diffeomorphic) to
M(S,Φ′) for a different choice of gluing data Φ′.
3.2. Fixed point data. Now, consider a six-dimensional closed monotone symplectic manifold (M,ω) equipped
with an effective semifree Hamiltonian S1-action. We further assume that c1(TM) = [ω] so that there exists a
(unique) balanced moment map H : M → R for the action defined in Definition 2.8.
Definition 3.3. [G, Definition 1.2] A fixed point data (or FD shortly) of (M,ω,H), denoted by F(M,ω,H), is a
collection
F(M,ω,H) :=
{
(Mc, ωc, Z
1
c , Z
2
c , · · · , Zkcc , e(P±c )) | c ∈ Crit H
}
which consists of the information below.
• (Mc, ωc)5 is the symplectic reduction at level c.
• kc is the number of fixed components on the level c.
• Each Zic is a connected fixed component and hence a symplectic submanifold of (Mc, ωc) via the embed-
ding
Zic ↪→ H−1(c)→ H−1(c)/S1 = Mc.
(This information contains a normal bundle of Zic in Mc.)
• The Euler class e(P±c ) of principal S1-bundles H−1(c± )→Mc±.
Definition 3.4. [McD2, Definition 2.13][G, Definition 1.4] A manifold B is said to be symplectically rigid if
• (uniqueness) any two cohomologous symplectic forms are diffeomorphic,
• (deformation implies isotopy) every path ωt (t ∈ [0, 1]) of symplectic forms such that [ω0] = [ω1] can be
homotoped through families of symplectic forms with the fixed endpoints ω0 and ω1 to an isotopy, that is,
a path ω′t such that [ω
′
t] is constant in H
2(B).
• For every symplectic form ω on B, the group Symp(B,ω) of symplectomorphisms that act trivially on
H∗(B;Z) is path-connected.
As we have seen in Section 3.1, the S1-equivariant symplectomorphism class of a Hamiltonian S1-manifold
M(S,Φ) constructed from a given family S of slices depends on the choice of a gluing data Φ. The following
theorem due to Gonzalez states that M(S,Φ) only depends on the fixed point data of the action on M(S,Φ) if
every reduced space is symplectically rigid.
Theorem 3.5. [G, Theorem 1.5] Let (M,ω) be a six-dimensional closed semifree Hamiltonian S1-manifold such
that every critical level is simple6. Suppose further that every reduced space is symplectically rigid. Then (M,ω) is
determined by its fixed point data up to S1-equivariant symplectomorphism.
Remark 3.6. Note that Theorem 3.5 is a six-dimensional version of the original statement of Theorem [G, Theorem
1.5] so that we may drop “(co)-index two” condition in his original statement because every non-extremal fixed
component has index two or co-index two in a six-dimensional case. In addition, if ω is monotone, then the condition
“simpleness” is automatically satisfied by Lemma 2.9.
For proving Theorem 1.2, we need to
• classify all possible fixed point data F,
• show the existence of the corresponding Hamiltonian S1-manifold having the fixed point data F,
• show that every reduced space is symplectically rigid.
5Mc is smooth manifold under the assumption that the action is semifree and the dimension of M is six. See Proposition 2.2.
6 A critical level is called simple if every fixed component in the level set has a common Morse-Bott index.
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However, the classification of fixed point data is extremely difficult as it involves the classification problem of all
symplectic embeddings of each fixed component of Zc into a reduced space (Mc, ωc). Thus, instead of a fixed point
data, we introduce the notion “topological fixed point data”, which is a topological analogue of a fixed point data,
as follows.
Definition 3.7. [Cho, Definition 5.7] Let (M,ω) be a six-dimensional closed semifree Hamiltonian S1-manifold
equipped with a moment map H : M → I such that all critical level sets are simple. A topological fixed point data
(or TFD for short) of (M,ω,H), denoted by Ftop(M,ω,H), is defined as a collection
Ftop(M,ω,H) :=
{
(Mc, [ωc],PD(Z
1
c ),PD(Z
2
c ), · · · ,PD(Zkcc ), e(P±c )) | c ∈ Crit H
}
where
• (Mc, ωc) is the reduced symplectic manifold at level c,
• kc is the number of fixed components at level c,
• each Zic is a connected fixed component lying on the level c and PD(Zic) ∈ H∗(Mc) denotes the Poincare´
dual class of the image of the embedding
Zic ↪→ H−1(c)→ H−1(c)/S1 = Mc.
• the Euler class e(P±c ) of principal S1-bundles H−1(c± )→Me±.
The classification of TFD is relatively much more easier than the classification of FD as we will see later.
Indeed, we will classify all possible TFD for a semifree Hamiltonian circle action on a six-dimensional monotone
symplectic manifold. (See Table 9.1 for the full list of TFD.)
On the other hand, there is one more critical issue. In general, it is not obvious whether a TFD determines a FD
uniquely. Namely, for two candidates Z1c and Z
2
c of a fixed component in (Mc, ωc) representing a same homology
class, it is not guaranteed the existence of a symplectomorphism (nor a diffeomorphism)
ψ : (Mc, ωc)→ (Mc, ωc), ψ(Z1c ) = ψ(Z2c ).
In Section 9, we will show that each TFD determines FD uniquely in our situation, and therefore TFD becomes
a complete invariant for a semifree Hamiltonian circle action on a six-dimensional closed monotone symplectic
manifold.
4. REDUCED SPACES NEAR THE EXTREMUM
This section is devoted to collect some information of a reduced space near an extremum such as a cohomology
ring structure and the symplectic area. These materials would be used in the rest of the paper.
Let (M,ω) be a six-dimensional closed monotone semifree Hamiltonian S1-manifold with the balanced moment
map H . We assume that all extremal fixed components are two-dimensional, i.e., H(Zmin) = −2 and H(Zmax) =
2. Thanks to Li’s theorem [Li1, Theorem 0.1], we have
pi1(Zmax) ∼= pi1(Zmin) ∼= pi1(M0),
which implies that Zmax ∼= Zmin ∼= S2 as in Lemma 2.9 (since M0 is simply connected.)
Observe that the only possible non-extremal critical values are {±1, 0} and each non-extremal fixed component
Z is either Z = pt if H(Z) = ±1, ordimZ = 2 if H(Z) = 0.
by Lemma 2.9. Moreover, since the moment map H is a perfect Morse-Bott function, we may easily deduce that
|Z1| = |Z−1|
by the Poincare´ duality.
We follow Li’s notations in [Li2] and [Li3]. For a sufficiently small  > 0, the level setH−1(−2+) becomes an
S3-bundle over Zmin with the induced fiberwise free S1-action. (This can be shown using the equivariant Darboux
theorem and the explicit formula of the moment map, see [Cho, Theorem 2.1, Section 4.1].) Thus the reduced space
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M−2+ near Zmin is an S2-bundle over S2 and hence diffeomorphic to either S2 × S2 or a Hirzebruch surface
which we denote by ES2 .
When M−2+ ∼= S2×S2, regarded as a trivial S2-bundle over Zmin ∼= S2, let x and y in H2(M−2+;Z) be the
dual classes of the fiber S2 and the base Zmin, respectively. Then
〈xy, [M−2+]〉 = 1, 〈x2, [M−2+]〉 = 〈y2, [M−2+]〉 = 0.
Similarly, when M−2+ ∼= ES2 regarded as a non-trivial S2-bundle over Zmin, let x and y be the dual of the fiber
S2 and the base respectively so that
〈xy, [M−2+]〉 = 1, 〈x2, [M−2+]〉 = 0, 〈y2, [M−2+]〉 = −1.
In this notation, we have c1(T (S2 × S2)) = 2x+ 2y and c1(TES2) = 3x+ 2y, respectively.
The following lemma describes the relation between the Euler class of a level set (as a principal S1-bundle) near
the extremal fixed components Zmin and Zmax of the action and the first Chern numbers of the normal bundles of
them.
Lemma 4.1. [Li2, Lemma 6, 7] Let bmin (respectively bmax) be the first Chern number of the normal bundle of
Zmin (respectively Zmax) in M . Also, we let x and y be the dual classes of the fiber and the base of the bundle
M−2+ → Zmin (respectively M2− → Zmax). Then M−2+ (respectively M2−) is a trivial S2-bundle if and only
if bmin = 2k (respectively bmax = 2k), and it is diffeomorphic to ES2 if and only if bmin = 2k + 1 (respectively
bmax = 2k + 1) for some k ∈ Z. In either case, we have
e(P+−2) = kx− y
(
respectively e(P−2 ) = −kx+ y
)
where e(P±t ) denote the Euler class of the principal S
1-bundle pit± : P±t = H
−1(t± ) → Mt±. In particular,
we have
〈e(P+−2)2, [M−2+]〉 = −bmin
(
respectively 〈e(P−2 )2, [M2−]〉 = −bmax
)
.
The monotonicity7 of ω implies the following.
Corollary 4.2. Let (M,ω) be a six-dimensional closed semifree Hamiltonian S1-manifold. Suppose that c1(TM) =
[ω]. If the minimal fixed component Zmin (respectively Zmax) is diffeomorphic to S2, then
bmin ≥ −1 (respectively bmax ≥ −1).
Proof. Note that the symplectic volume of Zmin (respectively Zmax) is given by∫
Zmin
ω = 2 + bmin
(
respectively
∫
Zmax
ω = 2 + bmax
)
which follows from the fact that the restriction of the tangent bundle TM |Z• splits into the sum of the tangent
bundle and the normal bundle of Z• where • = min or max. Then the proof is straightforward by the positivity of
symplectic area and the fact that ω is integral. 
Remark 4.3. If we take the new Hamiltonian S1-action “∗” on M by
t ∗ p := t−1 · p, p ∈M,
then the balanced moment map becomes −H so that the maximal (resp. minimal) fixed component becomes the
minimal (resp. maximal) one. Therefore, we only need to classify TFD under the assumption that
(4.1) bmin ≤ bmax.
Then any case with “bmin > bmax” can be recovered from one in our classification by taking a “reversed” S1-action.
The following lemma due to McDuff will be useful in the rest sections.
7A symplectic form ω is monotone if c1(TM) = λ[ω] ∈ H2(M ;R) for some λ ∈ R>0.
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Lemma 4.4. [McD2, Section 2] Let Xk be the k-times simultaneous symplectic blow-up of CP 2 with the excep-
tional divisorsC1, · · · , Ck. We denote byEi := PD(Ci) ∈ H2(M0;Z) the dual classes, called exceptional classes.
Then all possible exceptional classes are listed as follows (modulo permutations of indices) :
E1, u− E12, 2u− E12345, 3u− 2E1 − E234567, 4u− 2E123 − E45678
5u− 2E123456 − E78, 6u− 3E1 − 2E2345678
Here, u is the positive generator of H2(CP 2;Z) and Ej···n :=
∑n
i=j Ei. Furthermore, elements involving Ei do
not appear in Xk with k < i.
We divide the classification process into four cases: Crit H˚ = ∅, {0}, {−1, 1}, and {−1, 0, 1}.
5. CASE I : Crit H˚ = ∅
In this section, we classify all TFD in the case where CritH˚ = ∅. Also, for each TFD, we give the corresponding
example of a Fano variety with an explicit holomorphic S1-action on it. Note that M−2+ ∼= M0 ∼= M2−.
Theorem 5.1. Let (M,ω) be a six-dimensional closed monotone semifree Hamiltonian S1-manifold with c1(TM) =
[ω]. Suppose that CritH = {2,−2}. Then the only possible topological fixed point data is given by
(M0, [ω0]) e(P
+
−2) Z−2 Z2 b2 c
3
1
(I-1) (S2 × S2, 2x+ 2y) x− y S2 S2 1 64
TABLE 5.1. Topological fixed point data for CritH = {−2, 2}
Proof. We first assume that M0 ∼= S2 × S2 (so that bmin = 2k for some k ∈ Z and e(P+−2) = kx− y by Lemma
4.1.) Then, Corollary 4.2 implies that bmin = 2k ≥ −1, i.e., k ≥ 0. Using the monotonicity of the reduced space
(Proposition 2.10) and the Duistermaat-Heckman theorem (2.1), we obtain
[ωt] = 2x+ 2y − t(kx− y) = (2− kt)x+ (2 + t)y, t ∈ (−2, 2).
As limt→2
∫
Mt
[ωt]
2 = 0, we get k = 1 and so bmin = 2. Moreover there is a natural identification H−1(−2 + ) ∼=
H−1(2− ) by a Morse flow of H so that we obtain e(P−2 ) = e(P+−2) and
〈e(P+−2)2, [M−2+]〉 = 〈e(P+−2)2, [M2−]〉 = −2.
Therefore bmax = 2 by Lemma 4.1.
Let u be the positive generator of H2(Zmin;Z) = H2(Zmax;Z) so that u2 = 0. The first Chern number can be
obtained by applying the localization theorem 2.7 :
∫
M
cS
1
1 (TM)
3 =
∫
Zmin
(
cS
1
1 (TM)|Zmin
)3
eS
1
Zmin
+
∫
Zmax
(
cS
1
1 (TM)|Zmax
)3
eS
1
Zmax
=
∫
Zmin
((2 + bmin)u+ 2λ)
3
bminuλ+ λ2
+
∫
Zmax
((2 + bmax)u− 2λ)3
−bmaxuλ+ λ2
=
∫
Zmin
(λ− 2u)(48uλ2 + 8λ3) +
∫
Zmax
(λ+ 2u)(48uλ2 − 8λ3) = 32 + 32 = 64.
See Table 5.1: (I-1).
It remains to consider the case where M0 ∼= ES2 . In this case, we have bmin = 2k + 1 for some k ∈ Z by
Lemma 4.1. Similar to the previous case, we have
[ωt] = (3x+ 2y)− t(kx− y) = (3− kt)x+ (2 + t)y, t ∈ (−2, 2).
Again, since limt→2
∫
Mt
[ωt]
2 = 8(3 − 2k) − 16 = 8 − 16k = 0, we have k = 12 which contradicts that k ∈ Z.
Consequently, M0 cannot be diffeomorphic to ES2 . This completes the proof. 
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Example 5.2 (Fano variety of type (I-1)). [IP, 17th in Section 12.2] Let X = CP 3 with the symplectic form 4ωFS
(so that c1(TX) = [4ωFS]) where ωFS denotes the normalized Fubini-Study form such that
∫
X
ωFS = 1. Consider
the Hamiltonian S1-action on (X, 4ωFS) given by
t · [z0, z1, z2, z3] = [tz0, tz1, z2, z3], t ∈ S1
where the balanced moment map for the action is given by
H([z0, z1, z2, z3]) =
4|z0|2 + 4|z1|2
|z0|2 + |z1|2 + |z2|2 + |z3|2 − 2.
Then the fixed point set (whose image is red lines in Figure 3) is given by {Z−2 ∼= Z2 ∼= S2} and this coincides
with the one given in Theorem 5.1. (See also [Li2, Table 1-(4)].)
(4, 0, 0)
(0, 0, 4)
(0, 4, 0)
x
y
z
FIGURE 2. Toric moment map on CP 3
6. CASE II : Crit H˚ = {0}
In this section, we classify all TFD in the case where CritH˚ = {0}. By Proposition 2.2, we have M−2+ ∼=
M0 ∼= M2− so that we may divide the proof into two cases:
• M0 ∼= S2 × S2.
• M0 ∼= ES2 .
We begin with the case M0 ∼= S2 × S2.
Theorem 6.1. Let (M,ω) be a six-dimensional closed monotone semifree Hamiltonian S1-manifold with c1(TM) =
[ω]. Suppose that CritH = {2, 0,−2} and M0 ∼= S2 × S2. Then, up to orientation of M , the list of all possible
topological fixed point data is given by
(M0, [ω0]) e(P
+
−2) Z−2 Z0 Z2 b2(M) c
3
1(M)
(II-1.1) (S2 × S2, 2x+ 2y) −y S2 Z0 ∼= S2, PD(Z0) = x+ y S2 2 48
(II-1.2) (S2 × S2, 2x+ 2y) −y S2 Z0 ∼= S2, PD(Z0) = x S2 2 56
(II-1.3) (S2 × S2, 2x+ 2y) −y S2
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = PD(Z
2
0 ) = y
S2 3 48
TABLE 6.1. Topological fixed point data for CritH = {−2,−0, 2}, M0 ∼= S2 × S2
Proof. Denote by PD(Z0) = ax + by ∈ H2(M0;Z) for some a, b ∈ Z. By Lemma 4.1, we may assume that
bmin = 2k for some integer k ∈ Z and that e(P+−2) = kx − y. By the Duistermaat-Heckman theorem (2.1), we
have
[ω2] = [ω0]− 2(kx− y + PD(Z0)) = 2(1− a− k)x+ (4− 2b)y.
As limt→2
∫
Mt
[ωt]
2 = 0, we see that
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(1) 1− a− k = 0 and 4− 2b > 0, or
(2) b = 2 and 1− a− k > 0
where the above two strict inequalities follow from the fact that
∫
Mt
[ωt]
2 > 0 for every 0 ≤ t < 2. Moreover, we
have
(6.1) 〈c1(TM0), [Z0]〉 = 〈[ω0], [Z0]〉 = 2a+ 2b > 0, Vol(Z−2) = 2k + 2 > 0 (⇔ k ≥ 0)
by Corollary 4.2.
Case (1). If a+ k = 1 and b ≤ 1, then the integer solutions (a, b, k) for (6.1) are
(1, 1, 0), (1, 0, 0), (0, 1, 1).
Case (2). If a+ k ≤ 0 and b = 2, then the integer solutions for (a, b, k) are
(0, 2, 0), (−1, 2, 0), (−1, 2, 1).
However, we may rule out the last two solutions in Case (2) using the adjuction formula
(6.2) [Z0] · [Z0] +
∑
(2− 2gi) = 〈c1(TM0), [Z0]〉
where the sum is taken over all fixed components of Z0. If (a, b, k) is (−1, 2, 0) or (−1, 2, 1), we have
−4 +
∑
(2− 2gi) = 〈2x+ 2y, [Z0]〉 = 2, PD(Z0) = −x+ 2y
which implies that there are at least three components each of which is homeomorphic to a sphere. Meanwhile,
since 〈c1(TM0), [Z0]〉 = 2 is the symplectic area of Z0, there should be at most two components in Z0 and this
leads to a contradiction. Summing up, we have
(6.3)
(a, b, k) = (1, 1, 0) (bmin = 0, bmax = 0), (a, b, k) = (1, 0, 0) (bmin = 0, bmax = 2)
(a, b, k) = (0, 1, 1) (bmin = 2, bmax = 0), (a, b, k) = (0, 2, 0) (bmin = 0, bmax = 0)
where bmin = 2k and bmax is computed by Lemma 4.1. Since we only need to classify TFD’s satisfying bmin ≤
bmax by (4.1), the case (a, b, k) = (0, 1, 1) can be ruled out.
Notice that the symplectic area of each component of Z0 is even (since [ω0] = 2x+ 2y). Applying (6.2) to each
solutions in (6.3), we deduce that
(6.4)
(II-1.1) : (a, b, k) = (1, 1, 0) ⇒ 2 +∑(2− 2gi) = 4 ⇒ Z0 has at most two components,
(II-1.2) : (a, b, k) = (1, 0, 0) ⇒ 0 +∑(2− 2gi) = 2 ⇒ Z0 ∼= S2,
(II-1.3) : (a, b, k) = (0, 2, 0) ⇒ 0 +∑(2− 2gi) = 4 ⇒ Z0 has exactly two components.
For the last case, it is easy to check that each two components are spheres (with area 2) whose Poincare´ dual classes
are both y.
For the first case, if Z0 consists of two components, say Z10 and Z
2
0 , then we can easily see that Z
1
0
∼= S2 and
Z20
∼= T 2 with
[Z10 ] · [Z10 ] = 0, [Z20 ] · [Z20 ] = 2, [Z10 ] · [Z20 ] = 0, PD(Z10 ) + PD(Z20 ) = x+ y.
The first and the third equalities imply that (PD(Z10 ),PD(Z
2
0 )) = (ax, bx) or (ay, by) for some a, b ∈ Z, but in
either case, the second (as well as fourth) equality does not hold. Therefore, Z0 is connected and homeomorphic to
S2.
14 YUNHYUNG CHO
To calculate the Chern number for each fixed point data, we apply the localization theorem 2.7 :
∫
M
cS
1
1 (TM)
3 =
∫
Zmin
(
cS
1
1 (TM)|Zmin
)3
eS
1
Zmin
+
∫
Zmax
(
cS
1
1 (TM)|Zmax
)3
eS
1
Zmax
+
∫
Z0
=0︷ ︸︸ ︷(
cS
1
1 (TM)|Z0
)3
eS
1
Z0
=
∫
Zmin
((2 + bmin)u+ 2λ)
3
bminuλ+ λ2
+
∫
Zmax
((2 + bmax)u− 2λ)3
−bmaxuλ+ λ2
=
∫
Zmin
(λ− bminu)(12(2 + bmin)uλ2 + 8λ3) +
∫
Zmax
(λ+ bmaxu)(12(2 + bmax)uλ
2 − 8λ3)
= 24 + 4bmin + 24 + 4bmax.
By (6.3), this completes the proof. See Table 6.1 and compare it with (6.4). 
Remark 6.2. We use the following equations frequently for calculating the Chern numbers :
(
cS
1
1 (TM)|Z0
)3
= 0,
∫
Zmin
(
cS
1
1 (TM)|Zmin
)3
eS
1
Zmin
= 24 + 4bmin,
∫
Zmax
(
cS
1
1 (TM)|Zmax
)3
eS
1
Zmax
= 24 + 4bmax.
Example 6.3 (Fano varieties of type (II-1)). We denote by T k a k-dimensional compact torus, t the Lie algebra of
T , and t∗ the dual of t. We provide algebraic Fano examples for each topological fixed point data given in Theorem
6.1 as follows.
(4, 4)
(4, 2)
(2, 4)
(2, 0)(0, 0)
(0, 2) (4, 0, 0)
(2, 0, 2)(0, 0, 2)
(0, 2, 2)
(0, 4, 0)
(0, 0, 0)
ξ = (1, 0) ξ = (1, 1, 0) ξ = (1, 0, 1)
(2, 0, 2)
(2, 0, 0)
(2, 2, 0)(0, 2, 0)
(0, 0, 2)
(0, 2, 2) (2, 2, 2)
(a) (b) (c)
FIGURE 3. Fano varieties of type (II-1)
(1) Case (II-1.1) [IP, 32nd in Section 12.3] : LetW = F(3) be the complete flag variety ofC3, or equivalently,
a smooth divisor of bidegree (1, 1) in CP 2 × CP 2 (via the Plu¨cker embedding). One can think of M as a
co-adjoint orbit of U(3). It is well-known that M admits a unique U(3)-invariant monotone Ka¨hler form
ω (called a Kirillov-Kostant-Souriau form) such that c1(TW ) = [ω]. A maximal torus T 2 of U(3) acts on
(W,ω) in a Hamiltonian fashion with a moment map
µ : W → t∗
such that the moment map image can be described by Figure 3 (a), where edges corresponds to T -invariant
spheres (called 1-skeleton in [GKM]). If we take a circle subgroup S1 generated by ξ = (1, 0) ∈ t ∼= R2,
then the action is semifree and the balanced moment map is given by
µξ = 〈µ, ξ〉 − 2
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The fixed point set for the S1-action consists of three spheres corresponding to the edges (colored by red
in Figure 3 (a))
e1 = (0, 0) (0, 2), e2 = (2, 0) (2, 4), e3 = (4, 2) (4, 4)
The symplectic areas of the minimum Z−2 = µ−1(e1) and the maximum Z2 = µ−1(e3) are both equal
to 2 = 2 + bmin = 2 + bmax by Corollary 4.2 and hence bmin = bmax = 0. Thus W−2+ ∼= S2 × S2 by
Lemma 4.1. Therefore, the corresponding fixed point data should coincide with (II-1.1) in Table 6.1.
(2) Case (II-1.2) [IP, 35th in Section 12.3] : Let M = V7, the toric blow-up of CP 3 at a point. Then the
moment polytope is given by Figure 3 (b) where we denote the moment map by µ. If we take a circle
subgroup generated by ξ = (1, 1, 0) ∈ t, then we can easily check that the S1-action is semifree and the
balanced moment map is given by µξ := 〈µ, ξ〉 − 2. Moreover, the fixed components Z−2, Z0, and Z2 are
three spheres whose moment map images are the edges (colored by red in Figure 3 (b))
e1 = (0, 0, 0) (0, 0, 2), e2 = (0, 2, 2) (2, 0, 2), e3 = (0, 4, 0) (4, 0, 0).
In this case, we have Z−2 = µ−1(e1) and Z2 = µ−1(e3) with the symplectic areas 2 and 4, respectively.
By Corollary 4.2, we have bmin = 0 and bmax = 2 and so M−2+ ∼= S2 × S2 by Lemma 4.1. Also, one
can easily check that the fixed point data for the S1-action equals (II-1.2) in Table 6.1 (see also (6.3)).
(3) Case (II-1.3) [IP, 27th in Section 12.4] : Let M = CP 1 × CP 1 × CP 1 with the monotone Ka¨hler form
ω = 2ωFS ⊕ 2ωFS ⊕ 2ωFS so that c1(TM) = [ω]. Then the standard =Hamiltonian T 3-action admits a
moment map whose image is a cube with side length 2, see Figure 3 (c). Take a circle subgroup S1 of T 3
generated by ξ = (1, 0, 1). Then the induced S1-action becomes semifree with the balanced moment map
is given by µξ = 〈µ, ξ〉−2. It is easy to see that there are four fixed components homeomorphic to spheres
and their moment map images are
e1 = (0, 2, 0) (0, 0, 0), e2 = (0, 2, 2) (0, 0, 2), e3 = (2, 2, 0) (2, 0, 0), e4 = (2, 2, 2) (2, 0, 2)
colored by red in Figure 3 (c). Since Z−2 = µ−1(e1) and Z2 = µ−1(e4) both have the symplectic area 2,
we have bmin = bmax = 0 and this fixed point data coincides with (II-1.3) in Table 6.1.
Now we consider the case of M0 ∼= ES2 .
Theorem 6.4. Let (M,ω) be a six-dimensional closed monotone semifree Hamiltonian S1-manifold with c1(TM) =
[ω]. Suppose that CritH = {2, 0,−2} and M0 ∼= ES2 . Then, up to orientation of M , the list of all possible topo-
logical fixed point data is given by
(M0, [ω0]) e(P
+
−2) Z−2 Z0 Z2 b2(M) c
3
1(M)
(II-2.1) (ES2 , 3x+ 2y) −x− y S2
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = y, PD(Z
2
0 ) = x+ y
S2 3 48
(II-2.2) (ES2 , 3x+ 2y) −x− y S2 Z0 ∼= S2, PD(Z0) = 2x+ 2y S2 2 40
TABLE 6.2. Topological fixed point data for CritH = {−2,−0, 2}, M0 ∼= ES2
Proof. The idea of the proof is essentially similar to the proof of Theorem 6.1.
In this case, Lemma 4.1 implies that bmin = 2k+ 1 and e(P+−2) = kx− y for some integer k ∈ Z. If we denote
by PD(Z0) = ax+ by ∈ H2(M0;Z) for some a, b ∈ Z, then it follows that
〈c1(TM0), [Z0]〉 > 0, Vol(Z−2) = 2k + 3 > 0 ⇒ 2a+ b ≥ 1, k ≥ −1.
by Corollary 4.2. Also, by the Duistermaat-Heckman theorem (2.1), we obtain
[ω2] = [ω0]− 2(kx− y + PD(Z0)) = (3− 2a− 2k)x+ (4− 2b)y.
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Since limt→2
∫
Mt
[ωt]
2 = 0, we have
2(3− 2a− 2k)(4− 2b)− (4− 2b)2 = 0 ⇒ b = 2 or 1 + b = 2a+ 2k
Note that in the latter case, b becomes odd and this implies that
(6.5) 〈e(P−2 )2, [M0]〉 = 〈((a+ k)x+ (b− 1)y)2, [M0]〉 = 2(a+ k)(b− 1)− (b− 1)2 ≡ 0 mod 2
which contradicts that −bmax = 〈e(P−2 )2, [M0]〉 is odd by Lemma 4.1 (since M2− ∼= M0 ∼= ES2 ). Consequently,
we get
(6.6) b = 2, a ≥ 0, k ≥ −1, a+ k ≤ 1 (⇔ bmax + 2 = vol(Zmax) ≥ 1).
Therefore, all possible solutions (k, a, b) to (6.6) are given by
(−1, 0, 2), (−1, 1, 2), (−1, 2, 2), (0, 0, 2), (0, 1, 2), (1, 0, 2).
Applying the adjunction formula, we may rule out some solutions : if a = 0, then PD(Z0) = 2y so that we have
[Z0] · [Z0] = −4 and 〈c1(TM0), [Z0]〉 = 2 and hence there are at most two connected component in Z0. On the
other hand, the adjunction formula (6.2) implies that
[Z0] · [Z0]︸ ︷︷ ︸
= −4
+
∑
(2− 2gi) = 〈c1(TM0), [Z0]〉 = 2
and therefore there should be at least three spheres, which contradicts that Z0 consists of at most two connected
components. Also, if (k, a, b) = (0, 1, 2), then the formula (6.5) induces that bmin = 1 and bmax = −1 (in particular
bmin > bmax) and hence we may rule out this case by (4.1). To sum up, we have only two possible cases :
(II-2.1) : (k, a, b) = (−1, 1, 2). In this case, [Z0] · [Z0] = 0 and 〈c1(TM0), [Z0]〉 = 4, bmin = −1 and bmax = 1.
The adjunction formula implies that there are at least two spheres denoted by C1 and C2 where the followings are
satisfied :
• 1 ≤ 〈[ω0], [Ci]〉 ≤ 3.
• 2 ≤ 〈[ω0], [C1] + [C2]〉 ≤ 4.
• [C1] · [C2] = 0.
Let PD(C1) = px + qy. If 〈[ω0], [C1]〉 = 2p + q = 1, then 2pq − q2 = −1 by the adjunction formula so that we
have (p, q) = (0, 1). Similarly, if 〈[ω0], [C1]〉 = 2p+ q = 2, then we have 2pq − q2 = 0 and hence
q = 0 (p = 1) or q = 2p (4p = 2).
So, we have (p, q) = (1, 0).
Note that if 〈[ω0], [Ci]〉 ≤ 2 for every i = 1, 2, since [C1] · [C2] = 0, the only possible case is 〈[ω0], [Ci]〉 = 2
for every i = 1, 2. However, this cannot be happened since PD(C1) + PD(C2) 6= x+ 2y. Thus the only possibility
is that 〈[ω0], [C1]〉 = 1 and 〈[ω0], [C2]〉 = 3. Therefore, we obtain PD(C1) = y, PD(C2) = x+y, and C1 ∼= C2 ∼=
S2. See Table 6.2: (II-2.1).
(II-2.2) : (k, a, b) = (−1, 2, 2). In this case, we have [Z0] · [Z0] = 4 and 〈c1(TM0), [Z0]〉 = 6, bmin = −1 and
bmax = −1. By the adjunction formula, there exists a component C ∼= S2 of Z0 where we denote by PD(C) =
px+ qy. Then, we have
[C] · ([Z0]− [C]) = 〈(px+ qy) · ((2− p)x+ (2− q)y), [M0]〉 = 0 ⇔ −2pq + 2p+ q2 = 0.
Also, since
V := vol(C) = [C] · [C] + 2 = 〈(px+ qy)2, [M0]〉+ 2 = 2pq − q2 + 2,
we get 2p + 2 − V = 0. If V = 6, then Z0 is connected so that we are done. If V = 2, then p = q = 0 which is
impossible. Finally if V = 4, then p = 1 and q2 − 2q + 2 = 0 whose solution cannot be real. Therefore, we have
V = 6 and Z0 is connected and homemorphic to S2. See Table 6.2: (II-2.2).
Note that the Chern number computations in Table 6.2 immediately follow from Remark 6.2.

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Example 6.5 (Fano varieties of type (II-2)). We illustrate algebraic Fano varieties with holomorphic Hamiltonian
torus actions having each topological fixed point data given in Theorem 6.4.
(1, 0, 2)(0, 0, 2)
(0, 0, 0) (3, 0, 0)
(3, 2, 0)(0, 2, 0)
(0, 2, 2)
(1, 2, 2)
(a) CP 1 × F1
(0,−3)
(0, 3)
(3, 0)(−3, 0)
(b) Blow-up of Q along a conic
(1, 2)
(1,−2)
(−1, 2)
(−1,−2)
FIGURE 4. Fano varieties of type (II-2)
(1) Case (II-2.1) [IP, 28th in Section 12.4] : LetM = CP 1×F1 where F1 = CP (O⊕O(1)) is the Hirzebruch
surface. Equip M with the toric Ka¨hler form ω such that c1(TM) = [ω] so that the moment map µ : M →
t∗ has the image FIgure 4 (a). If we take a circle subgroup S1 generated by ξ = (0, 1,−1) ∈ t, then one
can check that the action is semifree and the balanced moment map is given by
µξ = 〈µ, ξ〉.
The fixed point set for the S1-action has four connected components each of which are all spheres and have
the moment map images (colored by red in Figure 4 (a))
e1 = (0, 0, 2) (1, 0, 2), e2 = (0, 2, 2) (1, 2, 2), e3 = (0, 0, 0) (3, 0, 0), e4 = (0, 2, 0) (3, 2, 0).
The symplectic areas of the minimum Z−2 = µ−1(e1) and the maximum Z2 = µ−1(e4) are 1 and 3,
respectively, so that bmin = −1 and bmax = 1 by Corollary 4.2. Thus M−2+ ∼= ES2 by Lemma 4.1 and
the corresponding fixed point data coincides with (II-2.1) in Table 6.2.
(2) Case (II-2.2) [IP, 29th in Section 12.3] : Let M be a smooth quadric in CP 4. As a co-adjoint orbit of
SO(5), M admits a SO(5)-invariant monotone Ka¨hler form ω such that c1(TM) = [ω]. With respect to
the maximal torus T 2-action on (M,ω), we get a moment map µ : M → t∗ whose image is a square with
four vertices (0,±3), (±3, 0) (see Figure 4 (b)). Let C be the T 2-invariant sphere µ−1((0,−3) (0, 3)) and
define
M˜ := T 2-equivariant (or GKM) blow-up of M along C
where the T 2-equivariant blowing up can be done via the following two steps:
• Take a T 2-equivariant neighborhood U of C, isomorphic to some T 2-equivariant C2-bundle over
CP 1, and extend the T 2-action to (any effective Hamiltonian) T 3-action so that we get a toric model.
• Take the toric blow-up of U along the zero section, i.e., C, and restrict the toric action to the original
T 2-action.
The resulting moment map image is given in Figure 4 (b).
Now, we take a circle subgroup generated by ξ = (0, 1) ∈ t. One can directly check that the S1-action
is semifree and the balanced moment map is given by µξ := 〈µ, ξ〉 − 2. Moreover, the fixed components
Z−2, Z0, and Z2 are given by
Z−2 = µ−1(e1), Z−2 = µ−1(e2), Z−2 = µ−1(e3)
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where
e1 = (−1,−2) (1,−2), e2 = (−3, 0) (3, 0), e3 = (−1, 2) (1, 2)
(colored by red in Figure 4 (b). In particular, we have vol(Z−2) = vol(Z−2) = 1 so that bmin = bmax =
−1. By Lemma 4.1, we have M−2+ ∼= S2 × S2. So, the fixed point data for the S1-action coincides with
(II-2.2) in Table 6.2.
7. CASE III : Crit H˚ = {−1, 1}
In this section, we classify all TFD in the case where CritH˚ = {−1, 1}. Let m = |Z−1| (m ∈ Z>0) be the
number of isolated fixed points of index two. By the Poincare´ duality, we have |Z1| = m. Applying the localization
theorem to 1 ∈ H0S1(M) and cS
1
1 (TM) ∈ H2S1(M), we obtain
(7.1)
0 =
∫
M
1 =
∫
Zmin
1
eS
1
Zmin
+m · 1−λ3 +m ·
1
λ3
+
∫
Zmax
1
eS
1
Zmax
=
∫
Zmin
1
bminuλ+ λ2
+
∫
Zmax
1
−bmaxuλ+ λ2
=
−bmin + bmax
λ3
and
(7.2)
0 =
∫
M
cS
1
1 (TM) =
∫
Zmin
cS
1
1 (TM)|Zmin
eS
1
Zmin
+m · λ−λ3 +m ·
−λ
λ3
+
∫
Zmax
cS
1
1 (TM)|Zmax
eS
1
Zmax
=
∫
Zmin
2λ+ (bmin + 2)u
bminuλ+ λ2
− 2m · λ
λ3
+
∫
Zmax
−2λ+ (bmax + 2)u
−bmaxuλ+ λ2
=
−bmin − bmax − 2m+ 4
λ2
.
From (7.1) and (7.2), we get bmax = bmin and bmin +m = 2. Moreover, Corollary 4.2 implies that bmin ≥ −1 and
therefore we have three possible cases :
(bmin,m) = (1, 1), (0, 2), (−1, 3).
Therefore we obtain the following.
Theorem 7.1. Let (M,ω) be a six-dimensional closed monotone semifree Hamiltonian S1-manifold with c1(TM) =
[ω]. Suppose that CritH = {2, 1,−1,−2}. Then the list of all possible topological fixed point data is given by
(M0, [ω0]) e(P
+
−2) Z−2 Z−1 Z1 Z2 b2(M) c
3
1(M)
(III.1) (ES2# CP 2, 3x+ 2y − E1) −y S2 pt pt S2 2 54
(III.2) (S2 × S2# 2CP 2, 2x+ 2y − E1 − E2) −y S2 2 pts 2 pts S2 3 44
(III.3) (ES2# CP 2, 3x+ 2y − E1) −x− y S2 3 pts 3 pts S2 4 34
TABLE 7.1. Topological fixed point data for CritH = {−2,−1, 1, 2}.
Proof. The formula follows from Lemma 4.1 that e(P+−2) = kx − y with bmin = 2k + 1. Also the Chern number
computations can be easily obtained by Remark 6.2. 
Example 7.2 (Fano varieties of type (III)). We provide algebraic Fano varieties with holomorphic Hamiltonian
S1-action with topological fixed point data given in Theorem 7.1 as follows.
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(4, 0, 0)
(1, 0, 3)
(1, 0, 0)
(0, 1, 0)
(0, 1, 3)
(0, 4, 0)
(a) Blow-up of CP 3 along a line
(1, 0, 3)
(1, 0, 0)
(0, 1, 0)
(0, 1, 3)
(b) Blow-up of CP 3 along disjoint two lines
(0, 3, 0)
(0, 3, 1)
(3, 0, 1)
(3, 0, 0)
FIGURE 5. Fano varieties of type (III)
(1) Case (III.1) [IP, 33rd in Section 12.3] : LetM be the toric blow-up ofCP 3 along a T 3-invariant line. WIth
respect to the T 3-invariant normalized monotone Ka¨hler form, we get a moment map µ : M → t∗ whose
image is given by Figure 5 (a). If we take a circle subgroup S1 generated by ξ = (1, 0, 1) ∈ t, then the
action is semifree with the balanced moment map µξ = 〈µ, ξ〉 − 2 and the fixed point set consists of
Z−2 = µ−1(e1), Z−1 = µ−1(1, 0, 0), Z1 = µ−1(0, 1, 3), µ−1(e2)
where e1 = (0, 1, 0) (0, 4, 0) and e2 = (1, 0, 3) (4, 0, 0). Note that Vol(Z−2) = Vol(Z2) = 3 and so
bmin = bmax = 1 by Corollary 4.2. Thus the fixed point data for the S1-action coincides with Table 7.1
(III.1).
(2) Case (III.2) [IP, 25th in Section 12.4] : LetM be the toric blow-up of CP 3 along two disjoint T 3-invariant
lines. Then the image of a moment map µ : M → t∗ (with respect to the normalized T 3-invariant Ka¨hler
form) is described as in Figure 5 (b). One can easily check that the circle action generated by ξ = (1, 0, 1) ∈
t is semifree and the balanced moment map is given by µξ = 〈µ, ξ〉 − 2. The fixed components are
Z−2 = µ−1(e1), Z−1 = {(0, 3, 1), (1, 0, 0)}, Z1 = {(0, 1, 3), (3, 0, 0)}, Z2 = µ−1(e2)
where e1 = (0, 3, 0) (0, 1, 0) and e2 = (1, 0, 3) (3, 0, 1). As the symplectic volumes of Z−2 and Z2 are
both 2, we have bmin = bmax = 0 and so the fixed point data of the action is the same as Table 7.1 (III.2).
(3) Case (III.3) [IP, 6th in Section 12.5] : Consider M = CP 1 × CP 1 × CP 1 equipped with the normalized
monotone Ka¨hler form ω on M with the standard ω-compatible integrable complex structure J on M .
Consider the standard T 3-action on (M,ω) with a moment map given by
µ([x0, x1], [y0, y1], [z0, z1]) =
(
2x0|2
|x0|2 + |x1|2 ,
2|y0|2
|y0|2 + |y1|2 ,
2|z0|2
|z0|2 + |z1|2
)
.
For the diagonal circle subgroup
S1 = {(t, t, t) | t ∈ S1} ⊂ T 3,
generated by ξ = (1, 1, 1) ∈ t, the induced S1-action on (M,ω, J) is semifree with the balanced moment
map µξ = 〈µ, ξ〉 − 3. See Figure 2 in [Cho, Example 6.6].
Now, we take the S1-invariant diagonal sphere D = {([z0, z1], [z0, z1], [z0, z1]) | [z0, z1] ∈ CP 1}
in M , which is obviously a Ka¨hler submanifold of (M,ω, J). One can obtain an equivariant blowing-up
(M˜, ω˜, J˜) of (M,ω, J) along D as follows (where the construction seems to be well-known to experts):
• Let U be a sufficiently small T 3-invariant neighborhood of D such that U equipped with the induced
Ka¨hler structure is S1-equivariantly isomorphic to some neighborhood of the zero section of ED :=
O(k1)⊕O(k2) where
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– ED is equipped with the Ka¨hler structure whose restriction on each fiber of ED equals the
standard symplectic form on C⊕ C,
– ED admits an S1-action compatible with the bundle structure such that the normal bundle νD
of D in M is S1-equivariantly isomorphic to ED.
Note that each O(ki) has a fiberwise circle action so that ED has a fiberwise T 2-action. Together
with the S1-action given, ED becomes a (non-complete) toric variety and a zero section becomes
T 3-invariant.
• Equip U the toric structure (called a local toric structure near D) induced by the T 3-action on ED.
Then one can obtain a toric blow-up of U along D so that we obtain a new Ka¨hler manifold, say
(M˜, ω˜, J˜). We finally restrict the T 3-action to the S1-subgroup of T 3.
Z−2
Z2
Z1
Z−1
FIGURE 6. Blow up along an S1-invariant sphere
It is not hard to see that the induced S1-action on M˜ is semifree. Also, new fixed components which
appear on M˜ instead of two isolated fixed points on D in M are two spheres and hence the fixed point data
coincides with Table 7.1 (III.3) (see Figure 6).
8. CASE IV : Crit H˚ = {−1, 0, 1}
In this section, we classify all TFD in the case where CritH˚ = {−1, 0, 1}. Let m = |Z−1| = |Z1| > 0 be the
number of fixed points of index two.
Lemma 8.1. We have m = 1 or 2.
Proof. Applying the localization theorem to cS
1
1 (TM), we obtain
0 =
∫
M
cS
1
1 (TM)
=
∫
Zmin
cS
1
1 (TM)|Zmin
eS
1
Zmin
+m · λ−λ3 +m ·
−λ
λ3
+
∫
Z0
cS
1
1 (TM)|Z0
eS
1
Z0
+
∫
Zmax
cS
1
1 (TM)|Zmax
eS
1
Zmax
=
∫
Zmin
2λ+ (bmin + 2)u
bminuλ+ λ2
− 2m · λ
λ3
+
∫
Z0
= Vol(Z0)︷ ︸︸ ︷
c1(TM)|Z0
(b− − b+)uλ− λ2 +
∫
Zmax
−2λ+ (bmax + 2)u
−bmaxuλ+ λ2
=
−bmin − bmax − 2m+ 4−Vol(Z0)
λ2
where b+ and b− denote the Chern numbers of the positive and negative normal bundle of Z0 in M , respectively.
So, we have
(8.1) bmin + bmax + 2m+ Vol(Z0) = 4.
Moreover, since bmin, bmax ≥ −1 by Corollary 4.2, we have m ≤ 2. 
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By Lemma 8.1, we may divide the classification into two cases: m = 1 and m = 2. Indeed, it follows directly
from (8.1) that there are 13 solutions for (m,Vol(Z0), bmin, bmax):
(8.2) m = 2,

Vol(Z0) = 2, (bmin, bmax) = (−1,−1)
Vol(Z0) = 1, (bmin, bmax) = (−1, 0)
Vol(Z0) = 1, (bmin, bmax) = (0,−1)
m = 1,

Vol(Z0) = 4, (bmin, bmax) = (−1,−1)
Vol(Z0) = 3, (bmin, bmax) = (−1, 0)
Vol(Z0) = 3, (bmin, bmax) = (0,−1)
Vol(Z0) = 2, (bmin, bmax) = (−1, 1)
Vol(Z0) = 2, (bmin, bmax) = (0, 0)
Vol(Z0) = 2, (bmin, bmax) = (1,−1)
Vol(Z0) = 1, (bmin, bmax) = (−1, 2)
Vol(Z0) = 1, (bmin, bmax) = (0, 1)
Vol(Z0) = 1, (bmin, bmax) = (1, 0)
Vol(Z0) = 1, (bmin, bmax) = (2,−1)
As (4.1), we may rule out the case of “bmin > bmax”, and therefore we only need to deal with 8 solutions (underlined
in (8.2)) with bmin ≤ bmax and obtain the following.
Theorem 8.2. Let (M,ω) be a six-dimensional closed monotone semifree Hamiltonian S1-manifold with c1(TM) =
[ω]. Suppose that CritH = {2, 1, 0,−1,−2}. If the number of fixed points of index two equals two, up to orientation
of M , the list of all possible topological fixed point data is given in the Table 8.1
(M0, [ω0]) e(P
+
−2) Z−2 Z−1 Z0 Z1 Z2 b2(M) c
3
1(M)
(IV-1-1.1)
(ES2# 2CP 2,
3x+ 2y − E1 − E2)
−x− y S2 2 pts
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = x+ y − E1 − E2
PD(Z20 ) = x− E1
2 pts S2 5 36
(IV-1-1.2)
(ES2# 2CP 2,
3x+ 2y − E1 − E2)
−x− y S2 2 pts
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = y
PD(Z20 ) = x+ y − E1 − E2
2 pts S2 5 36
(IV-1-1.3)
(ES2# 2CP 2,
3x+ 2y − E1 − E2)
−x− y S2 2 pts Z0
∼= S2
PD(Z0) = x+ y − E1
2 pts S2 4 36
(IV-1-2)
(ES2# 2CP 2,
3x+ 2y − E1 − E2)
−x− y S2 2 pts Z0
∼= S2
PD(Z0) = x− E1
2 pts S2 4 40
TABLE 8.1. Topological fixed point data for CritH = {−2,−1, 0, 1, 2} with |Z−1| = 2.
Proof. As in (8.2), bmin = −1 so that M−2+ ∼= ES2 by Lemma 4.1, and therefore M0 is a two points blow-up
of ES2 where we denote the dual classes of the exceptional divisors are denote by E1 and E2. Also, we have
e(P+−2) = kx− y = −x− y as bmin = 2k + 1 = −1.
Let PD(Z0) = ax+ by + cE1 + dE2 for some a, b, c, d ∈ Z. By the Duistermaat-Heckman theorem (2.1), we
have
[ω1] = [ω0]− e(P+0 ) = (3x+ 2y − E1 − E2)− (−x− y + E1 + E2 + PD(Z0))
= (4− a)x+ (3− b)y − (2 + c)E1 − (2 + d)E2
where [ω0] = c1(TM0) = 3x+2y−E1−E2 and e(P+0 ) = −x−y+E1+E2+PD(Z0) by Lemma 2.3. Observe
that exactly two blow-downs occur simultaneously at M1 and we denote by C1, C2 the vanishing cycles so that
(8.3) 〈[ω1], C1〉 = 〈[ω1], C2〉 = 0, C1 · C2 = 0.
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By Lemma 4.4, the list of all possible (PD(C1),PD(C2)) (up to permutation on {E1, E2}) is given by
(E1, E2), (E1, E3), (E3, u−E1−E2), (E1, u−E2−E3), (u−E1−E2, u−E1−E3), (u−E1−E3, u−E2−E3)
with the identification u = x + y and E3 = y, or equivalently, in terms of {x, y, E1, E2}, possible candidates for
(PD(C1),PD(C2)) are
(E1, E2), (E1, y), (y, x+ y−E1−E2), (E1, x−E2), (x+ y−E1−E2, x−E1), (x−E1, x−E2)
We divide the proof into two cases; (IV-1-1): (bmin, bmax) = (−1,−1) and (IV-1-2): (bmin, bmax) = (−1, 0) as
listed in (8.2).
(IV-1-1) : m = 2,Vol(Z0) = 2, (bmin, bmax) = (−1,−1)
Note that there are at most two connected components of Z0 since Vol(Z0) = 2. Because Vol(Z0) = 2 and
bmax = −1, it follows that
(8.4) Vol(Z0) = 2a+ b+ c+ d = 2, 〈e(P−2 )2, [M2−]〉 = 1 so that 〈e(P+0 )2, [M0]〉 = −1
by Lemma 4.1 and Lemma 2.3.
Case (1) : (PD(C1),PD(C2)) = (E1, E2)
In this case, we have c = d = −2 by (8.3). Also, by (8.4), it follows that 2a+ b = 6 and
〈((a− 1)x+ (b− 1)y + (c+ 1)E1 + (d+ 1)E2)2, [M0]〉 = 2(a− 1)(b− 1)− (b− 1)2 − 2 = −1.
So, we get a = 2, b = 2, c = d = −2., i.e., PD(Z0) = 2x+ 2y − 2E1 − 2E2 which implies that Z0 · Z0 = −4.
Because the number of connected components of Z0 is at most two, there is no such manifold by the adjunction
formula (6.2) :
[Z0] · [Z0] +
∑
(2− 2gi) = 〈c1(TM0), [Z0]〉 = 2
where the sum is taken over all connected components of Z0
Case (2) : (PD(C1),PD(C2)) = (E1, y)
By (8.3), we obtain c = −2 and a = b+ 1. Also from (8.4), we get
b = 1 (a = 2) and d = −1,
that is, PD(Z0) = 2x+ y − 2E1 − E2 and [Z0] · [Z0] = −2. The adjunction formula (6.2) says that
[Z0] · [Z0] +
∑
(2− 2gi) = 〈c1(TM0), [Z0]〉 = 2
and this implies that Z0 consists of two spheres Z10 and Z
2
0 (since Z0 consists at most two components) with
(8.5) PD(Z10 ) = x+ y − E1 − E2 PD(Z20 ) = x− E1
up to permutation on {E1, E2}. (Note that this computation can be easily obtained from the fact that each [Zi0] is
an exceptional class so that one can apply Lemma 4.4.) See Table 8.1 : (IV-1-1.1).
For the Chern number computation, we apply the localization theorem 2.7 :
(8.6)
∫
M
cS
1
1 (TM)
3 =
∫
Zmin
(
cS
1
1 (TM)|Zmin
)3
eS
1
Zmin
+ 2
Z−1 term︷︸︸︷
λ3
−λ3 +
∫
Z0
=0︷ ︸︸ ︷(
cS
1
1 (TM)|Z0
)3
eS
1
Z0
+ 2
Z1 term︷︸︸︷
−λ3
λ3
+
∫
Zmax
(
cS
1
1 (TM)|Zmax
)3
eS
1
Zmax
= (24 + 4bmin) + (24 + 4bmax)− 4 = 36
by Remark 6.2.
Case (3) : (PD(C1),PD(C2)) = (y, x+ y − E1 − E2)
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From (8.3) and (8.4), we have
a = b+ 1, a+ c+ d = 0, 2a+ b+ c+ d = 2 (⇔ 3b+ c+ d = 0).
This implies that a = 3b so that b = 12 and it leads to a contradiction. Thus no such manifold exists.
Case (4) : (PD(C1),PD(C2)) = (E1, x− E2)
We similarly obtain
c = −2, b+ d = 1, 2a+ b+ c+ d = 2 (⇔ 2a+ c = 1).
Then we see that a = 32 , which is not an integer. Therefore no such manifold exists.
Case (5) : (PD(C1),PD(C2)) = (x+ y − E1 − E2, x− E1)
In this case, we have
a+ c+ d = 0, b+ c = 1, 2a+ b+ c+ d = 2 (⇔ 2a+ d = 1),
and
〈e(P+0 )2, [M0]〉 = 2(a− 1)(b− 1)− (b− 1)2 − (c+ 1)2 − (d+ 1)2 = −1.
Those equations have the unique solution (a, b, c, d) = (1, 1, 0,−1) so that PD(Z0) = x + y − E2. In particular,
we have [Z0] · [Z0] = 0 and Z0 is connected, and therefore Z0 ∼= S2 by the adjunction formula (6.2). The Chern
number can be obtained in exactly the same way as in (8.6). See Table 8.1 : (IV-1-1.3). (The connectedness of Z0
is proved as follows : if Z10 and Z
2
0 are connected components of Z0, then
• Vol(Z10 ) = Vol(Z20 ) = 1, and
• [Z10 ] · [Z10 ] = −1 and [Z20 ] · [Z20 ] = 1 since
[Zi0] · [Zi0] + 2− 2gi = 1 and [Z10 ] · [Z10 ] + [Z20 ] · [Z20 ] = 0.
Then Z10 ∼= S2 by the adjunction formula (6.2) and PD(Z10 ) should be on the list in Lemma 4.4. However, it
contradicts that PD(Z10 ) · (x+ y − E2 − PD(Z10 )) = 0. Therefore Z0 has to be connected.)
Case (6) : (PD(C1),PD(C2)) = (x− E1, x− E2)
Again by (8.3) and (8.4) , we get
b+ c = 1, b+ d = 1, 2a+ b+ c+ d = 2 (⇔ 2a+ d = 2a+ c = 1),
and
〈e(P+0 )2, [M0]〉 = 2(a− 1)(b− 1)− (b− 1)2 − (c+ 1)2 − (d+ 1)2 = −1.
Then we get the unique solution (a, b, c, d) = (1, 2,−1,−1) so that PD(Z0) = x + 2y − E1 − E2. Moreover,
since [Z0] · [Z0] = −2, the adjunction formula (6.2) implies that Z0 consists of two spheres Z10 and Z20 such that
[Z10 ] · [Z10 ] = [Z20 ] · [Z20 ] = −1. Applying Lemma 4.4, we finally obtain
PD(Z10 ) = y and PD(Z
2
0 ) = x+ y − E1 − E2.
See Table 8.1 : (IV-1-1.2).
(IV-1-2) : m = 2,Vol(Z0) = 1, (bmin, bmax) = (−1, 0)
In this case, Z0 is connected by the assumption Vol(Z0) = 1. Together with the condition bmax = 0, we have
(8.7) Vol(Z0) = 2a+ b+ c = 1, 〈e(P−2 )2, [M2−]〉 = 0 so that 〈e(P+0 )2, [M0]〉 = −2
by Lemma 4.1. The latter equation can be re-written as
(8.8) 2(a− 1)(b− 1)− (b− 1)2 − (c+ 1)2 − (d+ 1)2 = −2.
Using (8.3), (8.7), (8.8), we analyze each cases as follows:
Case (1) : (PD(C1),PD(C2)) = (E1, E2)
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c = −2, d = −2, 2a+ b+ c+ d = 1 (⇔ 2a+ b = 5), 2(a− 1)(b− 1)− (b− 1)2 = 0
so that (a, b, c, d) = (2, 1,−2,−2), i.e., PD(Z0) = 2x + y − 2E1 − 2E2. However, since [Z0] · [Z0] = −5, no
such manifold exists by the adjunction formula (6.2).
Case (2) : (PD(C1),PD(C2)) = (E1, y)
c = −2, a = b+ 1, 2a+ b+ c+ d = 1 (⇔ 3b+ d = 1), 2(a− 1)(b− 1)− (b− 1)2 − (d+ 1)2︸ ︷︷ ︸
= −8b2+12b−5
= −1
so that (a, b, c, d) = (2, 1,−2,−2), i.e., PD(Z0) = 2x+ y− 2E1 − 2E2. Again by (6.2), no such manifold exists.
Case (3) : (PD(C1),PD(C2)) = (y, x+ y − E1 − E2)
a = b+ 1, a+ c+ d = 0, 2a+ b+ c+ d = 1 (⇔ a+ b = 1 ⇔ b = 0, a = 1), (c+ 1)2 + (d+ 1)2 = 1
so that (a, b, c, d) = (1, 0,−1, 0) or (1, 0, 0,−1) (where they are equal up to permutation on {E1, E2}.) In this
case, we have Z0 ∼= S2 by (6.2). See Table 8.1 : (IV-1-2).
Case (4) : (PD(C1),PD(C2)) = (E1, x− E2)
c = −2, b+ d = 1, 2a+ b+ c+ d = 1 (⇔ 2a+ c = 0⇔ a = 1), (b− 1)2 + (d+ 1)2 = 1
so that (a, b, c, d) = (1, 1,−2, 0) or (1, 2,−2,−1). In either case, [Z0]·[Z0] < −1 so that it violates (6.2). Therefore
no such manifold exists.
Case (5) : (PD(C1),PD(C2)) = (x+ y − E1 − E2, x− E1)
a+ c+ d = 0, b+ c = 1, 2a+ b+ c+ d = 1︸ ︷︷ ︸
⇔ a+b=1, 2a+d=0
, −2b(b− 1)− (b− 1)2 − (2− b)2 − (2b− 1)2︸ ︷︷ ︸
= −8b2+12b−6
= −2
and we obtain (a, b, c, d) = (0, 1, 0, 0), i.e., PD(Z0) = y. However, we can check that a cycle representing x−E2
vanishes on M1 which leads to a contradiction. Therefore no such manifold exists.
Case (6) : (PD(C1),PD(C2)) = (x− E1, x− E2)
b+ c = 1, b+ d = 1, 2a+ b+ c+ d = 1︸ ︷︷ ︸
⇔2a+d=0, 2a+c=0
, 2(a− 1)(b− 1)− (b− 1)2 − (c+ 1)2 − (d+ 1)2︸ ︷︷ ︸
4a(a−1)−4a2−(1−2a)2−(1−2a)2
= −2.
So, (a, b, c, d) = (0, 1, 0, 0). Similar to Case (5), a cycle representing x + y − E1 − E2 vanishes on M1, and
therefore no such manifold exists.

Example 8.3 (Fano varieties of type (IV-1)). In this example, we illustrate algebraic Fano varieties with holomor-
phic Hamiltonian S1-action with topological fixed point data given in Theorem 8.2.
(1) Case (IV-1-1.1) [IP, 2nd in Section 12.6] : Let Y be the toric blow-up of CP 3 along two disjoint T 3-
invariant lines where the moment map image is described in Figure 7 (see also Figure 5 (b)). We take two
disjoint lines C1 and C2 corresponding to the edges
e1 = (0, 1, 3) (1, 0, 3) e2 = (0, 1, 0) (1, 0, 0)
respectively. Let M be the monotone toric blow-up of Y along C1 and C2 so that the resulting moment
polytope (with respect to a moment map µ : M → R3 is illustrated on the right of Figure 7. Now, we take
the circle subgroup of T 3 generated by ξ = (1, 0, 1). It is straightforward (by calculating the inner product
of ξ and each primitive edge vector) that the action is semifree and the balanced moment map is given by
µξ = 〈µ, ξ〉 − 2.
Moreover, the fixed point set consists of
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• Z−2 = µ−1((0, 2, 0) (0, 3, 0))
• Z−1 = µ−1(0, 3, 1) ∪ µ−1(0, 1, 1)
• Z−2 = µ−1((0, 2, 2) (0, 1, 2)) ∪ µ−1((1, 0, 1) (2, 0, 0))
• Z1 = µ−1(1, 0, 2) ∪ µ−1(3, 0, 0)
• Z2 = µ−1((2, 0, 2) (3, 0, 1))
Furthremore, the symplectic areas of Z−2, Z10 , Z
2
0 , and Z2 are all 1 (see (8.5)) and hence bmin = bmax =
−1. Thus the fixed point data of M coincides with the one in Table 8.1 (IV-1-1.1).
Y : blow-up of CP 3 along two disjoint lines
(2, 0, 2)
(3, 0, 1)
(3, 0, 0)
(0, 3, 0)
(0, 3, 1)
(0, 2, 2)
(0, 1, 2)
(1, 0, 2)
(1, 0, 1)
(0, 1, 1)
(0, 2, 0)
(2, 0, 0)
M : blow-up of Y along C1 and C2
FIGURE 7. Blow up of Y along two lines C1 and C2 lying on the same exceptional components
(2) Case (IV-1-1.2) [IP, 3rd in Section 12.6] : Let M = CP 1 ×X3 where Xk denotes the blow-up of CP 2 at
k generic points. In particular we assume that X3 is the toric blow-up of CP 3 equipped with the standard
toric structure.
Equip M with the monotone toric Ka¨hler form ω such that c1(TM) = [ω] so that the moment map
µ : M → R3 has the image given in Figure 8. Take ξ = (0,−1, 1). Then the S1-action generated by ξ is
semifree and the balanced moment map is given by µξ = 〈µ, ξ〉. The fixed point set consists of
• Z−2 = µ−1((0, 2, 0) (1, 2, 0))
• Z−1 = µ−1(0, 1, 0) ∪ µ−1(2, 1, 0)
• Z−2 = µ−1((0, 2, 2) (1, 2, 2)) ∪ µ−1((1, 0, 0) (2, 0, 0))
• Z1 = µ−1(0, 1, 2) ∪ µ−1(2, 1, 2)
• Z2 = µ−1((2, 0, 2) (1, 0, 2))
It is not hard to check that the fixed point data of M coincides with the one in Table 8.1 (IV-1-1.2).
(2, 0, 0)
(2, 0, 2)(1, 0, 2)
(2, 1, 0)
(1, 2, 0)(0, 2, 0)
(0, 1, 2)
(0, 2, 2)
FIGURE 8. CP 1 ×X3
(3) Case (IV-1-1.3) [IP, 7th in Section 12.5] : Let (W,ω) be the monotone complete flag variety given in
Example 6.3 (1) equipped with the Hamiltonian T 2-action where the moment polytope is described on the
left of Figure 9.
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Consider two edges A and B indicated in Figure 9 and denote by CA and CB the corresponding T 2-
invariant spheres, respectively. (Note that CA and CB are curves of bidegree (1, 0) and (0, 1) with respect
to the Plu¨cker embeddingW ⊂ CP 2×CP 2.) Using local toric structures on the normal bundles ofCA and
CB , respectively, we may take T 2-equivariant blow up of W along CA and CB and denote the resulting
manifold by M and the image of the moment map µ : M → R2 is given on the right of Figure 9 (with
respect to the monotone Ka¨hler form).
(4, 4)
(4, 2)
(2, 4)
(2, 0)(0, 0)
(0, 2)
A
B
ξ = (1, 0)
FIGURE 9. Blow up of W along two disjoint curves of bidegree (1, 0) and (0, 1).
Take the circle subgroup S1 generated by ξ = (1, 0). Then the S1-action is semifree and the balanced
moment map is given by µξ = 〈µ, ξ〉 − 2. The fixed point set consists of
• Z−2 = µ−1((0, 1) (0, 2))
• Z−1 = µ−1(1, 1) ∪ µ−1(1, 3)
• Z−2 = µ−1((2, 1) (2, 3))
• Z1 = µ−1(3, 1) ∪ µ−1(3, 3)
• Z2 = µ−1((4, 2) (4, 3))
and we can easily check that this should coincide with (IV-1-1.3) in Table 8.1. (Note that the symplectic
area of Z−2 and Z2 are both 1 so that bmin = bmax = −1.)
(4) Case (IV-1-2) [IP, 9th in Section 12.5] : Let Y be the toric blow-up of CP 3 along two disjoint T 3-invariant
lines where the moment map image is given on the left of Figure 10 (see also Figure 5 (b)). Let M be a
toric blow up of Y along a T -invariant exceptional line (corresponding to the edge A in Figure 10). With
respect to the T 3-invariant monotone Ka¨hler form, the image of a moment map µ is described on the right
of Figure 10.
(3, 0, 0)
(3, 0, 1)
(2, 0, 2)(1, 0, 2)
(0, 3, 0)
(0, 3, 1) (0, 1, 0)
(0, 1, 2)
(0, 2, 2)
(1, 0, 0)
A
FIGURE 10. Blow up of Y along an exceptional line on Y .
Take the circle subgroup S1 of T 3 generated by ξ = (−1, 0,−1). Then it is easy to check that the S1-action
is semifree and has the balanced moment map given by µξ = 〈µ, ξ〉+ 2. Also, the fixed point set consists
of
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• Z−2 = µ−1((2, 0, 2) (3, 0, 1))
• Z−1 = µ−1(1, 0, 2) ∪ µ−1(3, 0, 0)
• Z−2 = µ−1((0, 1, 2) (0, 2, 2))
• Z1 = µ−1(0, 3, 1) ∪ µ−1(1, 0, 0)
• Z2 = µ−1((0, 1, 0) (0, 3, 0))
where Area(Z−2) = Area(Z0) = 1 and Area(Z2) = 2. Thus one can see that the fixed point data of M
coincides with (IV-1-2) in Table 8.1.
Theorem 8.4. Let (M,ω) be a six-dimensional closed monotone semifree Hamiltonian S1-manifold with c1(TM) =
[ω]. Suppose that CritH = {2,−1, 0, 1,−2}. If the number of fixed points of index two equals one, up to orientation
of M , the list of all possible topological fixed point data is given in the Table 8.2
(M0, [ω0]) e(P
+
−2) Z−2 Z−1 Z0 Z1 Z2 b2(M) c
3
1(M)
(IV-2-1.1)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt Z0
∼= S2
PD(Z0) = 2x+ y − E1
pt S2 3 38
(IV-2-1.2)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = PD(Z
2
0 ) = x+ y − E1
pt S2 4 38
(IV-2-2.1)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt Z0
∼= S2
PD(Z0) = x+ y
pt S2 3 42
(IV-2-2.2)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = y
PD(Z20 ) = x+ y − E1
pt S2 4 42
(IV-2-3)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt Z0
∼= S2
PD(Z0) = x
pt S2 3 46
(IV-2-4)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt Z0
∼= S2
PD(Z0) = E1
pt S2 3 50
(IV-2-5)
(S2 × S2# CP 2,
2x+ 2y − E1)
−y S2 pt
Z0 = Z
1
0 ∪˙Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = x− E1
PD(Z20 ) = y − E1
pt S2 4 46
(IV-2-6)
(S2 × S2# CP 2,
2x+ 2y − E1)
−y S2 pt Z0
∼= S2
PD(Z0) = x− E1
pt S2 3 50
TABLE 8.2. Topological fixed point data for CritH = {−2,−1, 0, 1, 2} with |Z−1| = 1.
Proof. As we have seen in (8.2), bmin is either −1 or 0. For each cases, we have
(8.9)
M−2+ ∼= ES2 , c1(TM0) = [ω0] = 3x+ 2y − E1, e(P
+
−2) = kx− y = −x− y if bmin = −1
M−2+ ∼= S2 × S2, c1(TM0) = [ω0] = 2x+ 2y − E1, e(P+−2) = kx− y = −y if bmin = 0
by Lemma 4.1, where M0 is a one point blow-up of M−2+ and E1 is the dual class of the exceptional divisor on
M0.
Let PD(Z0) = ax+ by + cE1 for some a, b, c ∈ Z. By the Duistermaat-Heckman theorem (2.1), we have
[ω1] = [ω0]− e(P+0 ) =
(4− a)x+ (3− b)y − (2 + c)E1 if bmin = −1(2− a)x+ (3− b)y − (2 + c)E1 if bmin = 0.
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Moreover, only one blow-down occurs at M1 with the vanishing cycle C so that
(8.10) 〈[ω1], C〉 = 0.
By Lemma 4.4, the list of all possible PD(C) is given by
u− E1 − E2, E1, E2
or equivalently, in terms of {x, y, E1},
• if bmin = −1, then
x− E1, E1, y.
• if bmin = 0, then
E1, x− E1, y − E1.
Now we compute the fixed point data for remaining six cases (on the right of (8.2)) as follows. (Note that the
Chern number computation can be easily obtained from the localization theorem 2.7 and Remark 6.2.)
(IV-2-1) : m = 1,Vol(Z0) = 4, (bmin, bmax) = (−1,−1)
Because Vol(Z0) = 4 and bmax = −1, it follows that
(8.11) Vol(Z0) = 2a+ b+ c = 4, 〈e(P−2 )2, [M2−]〉 = 1 so that 〈e(P+0 )2, [M0]〉 = 0
by Lemma 4.1. The latter equation can be re-written as
2(a− 1)(b− 1)− (b− 1)2 − (c+ 1)2 = 0 as e(P+0 ) = (a− 1)x+ (b− 1)y + (c+ 1)E1.
Case (1) : PD(C) = x− E1.
Since b+ c = 1 by (8.10), we have 2a = 3 by (8.11), and hence no such manifold exists.
Case (2) : PD(C) = E1.
In this case, we have c = −2 by (8.10). Then (8.11) implies that
2a+ b = 6, 2(a− 1)(b− 1)− (b− 1)2 = (b− 1)(2a− b− 1) = 1
which has the unique integeral solution (a, b, c) = (2, 2,−2). So, PD(Z0) = 2x + 2y − 2E1 and [Z0] · [Z0] = 0.
Then the adjunction formula (6.2) implies that
[Z0] · [Z0] +
∑
(2− 2gi) = 4 (sum is taken over connected components of Z0).
Thus there are at least two spheres, namely Z10 and Z
2
0 . Moreover, they satisfy (again by (6.2))
[Z10 ] · [Z10 ] ≥ −1 and [Z20 ] · [Z20 ] ≥ −1.
Note that if [Zi0] · [Zi0] = −1, then ([Z0]− [Zi0]) · [Zi0] 6= 0 by Lemma 4.4. So,
[Z10 ] · [Z10 ] ≥ 0 and [Z20 ] · [Z20 ] ≥ 0.
In particular, we have Vol(Zi0) = [Z
i
0] · [Zi0] + 2 ≥ 2 so that the only possibility is that
[Zi0] · [Zi0] = 0, i = 1, 2.
One can easily see that PD(Z10 ) = PD(Z
2
0 ) = x+ y − E1. See Table 8.2 : (IV-2-1.2).
Case (3) : PD(C) = y.
From (8.10), we get a = b+ 1. Then, by (8.11),
3b+ c = 2, 2b(b− 1)− (b− 1)2 − (c+ 1)2 = 0,
whose solution is (a, b, c) = (2, 1,−1), that is, PD(Z0) = 2x+y−E1 (and so [Z0]·[Z0] = 2). Then the adjunction
formula
[Z0] · [Z0] +
∑
(2− 2gi) = 4
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implies that there exists a sphere component, say Z10 , of Z0. If we denote by PD(Z
1
0 ) = αx+βy+γE1, it satisfies
2αβ − β2 − γ2 + 2 = [Z10 ] · [Z10 ] + 2 = 〈c1(TM0), [Z10 ]〉 = 2α+ β + γ.
Also, since ([Z0]− [Z10 ]) · [Z10 ] = 0,
((2− α)x+ (1− β)y − (1 + γ)E1)) · (αx+ βy + γE1) = −2αβ + α+ β + γ + β2 + γ2 = 0.
Combining those two equations above, we get α = 2 and
β2 + γ2 − 3β + γ + 2 = 0 ⇔ (β − 3
2
)2 + (γ +
1
2
)2 − 1
2
= 0.
Therefore, (β, γ) = (2, 0), (2,−1), (1, 0), (1,−1). In any case, Vol(Z10 ) ≥ 4 which is impossible unless Z10 = Z0.
This implies that Z0 is connected and is a sphere. See (IV-2-1.1).
(IV-2-2) : m = 1,Vol(Z0) = 3, (bmin, bmax) = (−1, 0)
By Lemma 4.1, it follows that
(8.12) Vol(Z0) = 2a+ b+ c = 3, 〈e(P−2 )2, [M2−]〉 = 0 so that 〈e(P+0 )2, [M0]〉 = −1
where the latter equation is equivalent to
2(a− 1)(b− 1)− (b− 1)2 − (c+ 1)2 = −1.
Case (1) : PD(C) = x− E1.
By (8.10), we have b+ c = 1 so that a = 1 and (b− 1)2 + (c+ 1)2 = 1 (and so (b, c) = (1, 0) or (2,−1)).
• If (a, b, c) = (1, 1, 0), then PD(Z0) = x + y and [Z0] · [Z0] = 1 so that there exists at least one sphere
component, denote by Z10 , in Z0.
Suppose that Z0 is not connected. Then Vol(Z10 ) = 1 or 2. If Vol(Z
1
0 ) = 1, then [Z
1
0 ] · [Z10 ] = −1 by
the adjunction formula, and hence PD(Z10 ) = E1, y, x−E1 by Lemma (4.4). In either case, it follows that
[Z10 ] · ([Z0]− [Z10 ]) 6= 0
which leads to a contradiction. So, Vol(Z10 ) 6= 1.
On the other hand, if Vol(Z10 ) = 2, then [Z
1
0 ] · [Z10 ] = 0 by the adjunction formula. If we let PD(Z10 ) =
αx+ βy + γE1, then
– 2αβ − β2 − γ2 = 0, (∵ [Z10 ] · [Z10 ] = 0),
– α− 2αβ + β2 + γ2 = 0, (∵ [Z10 ] · ([Z0]− [Z10 ]) = 0),
– 2α+ β + γ = 2 (∵ Vol(Z10 ) = 2)
whose (real) solution does not exist. Thus Z0 is connected and we have Z0 ∼= S2. See Table 8.2: (IV-2-2.1).
• If (a, b, c) = (1, 2,−1), i.e., PD(Z0) = x+ 2y −E1, then we have [Z0] · [Z0] = −1 and there are at least
two sphere components Z10 and Z
2
0 in Z0 by the adjunction formula. Since Vol(Z
1
0 ) + Vol(Z
2
0 ) ≤ 3, we
may assume that PD(Z10 ) = 1 (so that [Z
1
0 ] · [Z10 ] = −1). Then we obtain PD(Z10 ) = y by the fact that
([Z0]− [Z10 ]) · [Z10 ] = 0 and Lemma 4.4. So,
Z10
∼= S2 (PD(Z10 ) = y) and Z20 ∼= S2 (PD(Z20 ) = x+ y − E1)
See Table 8.2: (IV-2-2.2). (Note that Vol(Z20 ) 6= 1 otherwise PD(Z20 ) also should be y which contradicts
that [Z10 ] · [Z20 ] = 0.)
Case (2) : PD(C) = E1.
Since c = −2 by (8.10), we have
2a+ b = 5 and 2(a− 1)(b− 1)− (b− 1)2 = 0
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where it has a unique integral solution (a, b, c) = (2, 1,−2). However, since
[ω1] · y = (2x+ 2y) · y = 0,
the exceptional divisor representing y vanishes at M1, i.e., two simultaneous blow-downs occur at M1. Thus no
such manifold exists.
Case (3) : PD(C) = y.
Now we have a = b+ 1 and so
3b+ c = 1 and 2b(b− 1)− (b− 1)2 − (c+ 1)2 = −1
by (8.12). This has a unique integral solution (a, b, c) = (2, 1,−2). This case is exactly the same as in Case (2)
above and we have [ω1] ·E1 = 0. Then two simultaneous blow-downs occur at M1 which is impossible. Therefore
there is no such manifold.
(IV-2-3) : m = 1,Vol(Z0) = 2, (bmin, bmax) = (−1, 1)
In this case, we have
(8.13) Vol(Z0) = 2a+ b+ c = 2, 〈e(P−2 )2, [M2−]〉 = −1 so that 〈e(P+0 )2, [M0]〉 = −2
where the latter one is
2(a− 1)(b− 1)− (b− 1)2 − (c+ 1)2 = −2.
Case (1) : PD(C) = x− E1.
Using b+ c = 1 by (8.10), we have a = 12 . Thus no such manifold exists.
Case (2) : PD(C) = E1.
Substituting c = −2, we have
2a+ b = 4, 2(a− 1)(b− 1)− (b− 1)2 = −1
and therefore the only possible solution is (a, b) = (1, 2), i.e., PD(Z0) = x+ 2y − 2E1. However, the adjunction
formula (6.2) implies that
[Z0] · [Z0] +
∑
(2− 2gi) = −4 +
∑
(2− 2gi) = 2,
i.e., there are three sphere components Z10 , Z
2
0 , Z
3
0 and hence Vol(Z0) ≥ 3 which leads to a contradiction. So, no
such manifold exists.
Case (3) : PD(C) = y.
In this case, a = b+ 1 so that
3b+ c = 0, 2b(b− 1)− (b− 1)2 − (c+ 1)2 = −2
and it has a unique solution (a, b, c) = (1, 0, 0). If Z0 is not connected, then the adjunction formula implies that Z0
consists of two spheres Z10 and Z
2
0 each of which has symplectic area 1 (so that it is an exceptional sphere). On the
other hand, by the fact that [Z10 ] · [Z20 ] = 0 and Lemma 4.4 imply that the dual classes of Z10 and Z20 are y and E1,
respectively. Then it follows that PD(Z0) = x 6= PD(Z10 ) + PD(Z20 ). So, Z0 is connected and
Z0 ∼= S2, PD(Z0) = x.
See Table 8.2: (IV-2-3).
(IV-2-4) : m = 1,Vol(Z0) = 1, (bmin, bmax) = (−1, 2)
As Vol(Z0) = 1, Z0 is connected. Also,
(8.14) Vol(Z0) = 2a+ b+ c = 1, 〈e(P−2 )2, [M2−]〉 = −2 so that 〈e(P+0 )2, [M0]〉 = −3
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i.e.,
2(a− 1)(b− 1)− (b− 1)2 − (c+ 1)2 = −3.
Case (1) : PD(C) = x− E1.
We have b+ c = 1 so that (a, b, c) = (0, 2,−1) or (0, 0, 1). If (a, b, c) = (0, 2,−1), then PD(Z0) = 2y − E1 and
[Z0] · [Z0] = −5. This is impossible by the adjunction formula since Z0 is connected. So, no such manifold exists.
On the other hand, if (a, b, c) = (0, 0, 1), i.e., PD(Z0) = E1, then we have
Z0 ∼= S2, PD(Z0) = E1.
See Table 8.2: (IV-2-4).
Case (2) : PD(C) = E1.
Now, we have c = −2 and (8.14) implies that
2a+ b = 3, 2(a− 1)(b− 1)− (b− 1)2 = −2
which has no integral solution. Thus there is no such manifold.
Case (3) : PD(C) = y.
It follows that a = b+ 1, and we obtain
3b+ c = −1, 2b(b− 1)− (b− 1)2 − (c+ 1)2 = −3
where no integral solution exists. Thus there is no such manifold.
(IV-2-5) : m = 1,Vol(Z0) = 2, (bmin, bmax) = (0, 0)
Since bmin = 0, we have M−2+ ∼= S2×S2 and so e(P )+−2 = −y and c1(TM0) = 2x+ 2y−E1, see (8.9). Also,
Lemma 4.1 implies that
(8.15) Vol(Z0) = 2a+ 2b+ c = 2, 〈e(P−2 )2, [M2−]〉 = 0 so that 〈e(P+0 )2, [M0]〉 = −1
where the latter equation can be re-written by
2a(b− 1)− (c+ 1)2 = −1.
Note that if Z0 is connected, then [Z0] · [Z0] = 0 by the adjunction formula. Also, if Z0 is disconnected with two
components Z10 and Z
2
0 such that Vol(Z
1
0 ) = Vol(Z
2
0 ) = 1, then the adjunction formula implies that [Z
1
0 ] · [Z10 ] =
[Z20 ] · [Z20 ] = −1. In particular, [Z0] · [Z0] = −2.
Recall that a possible dual class of the cycle C vanishing at the reduced space M1 is x− E1, E1, or y − E1 by
Lemma 4.4.
Case (1) : PD(C) = x− E1.
By (8.10), we have b+ c = 1 so that
2a− c = 0, −2ac− (c+ 1)2 = −1
where it has a unique integral solution (a, b, c) = (0, 1, 0). However, in this case, a cycle representing y − E1 is
also vanishing at M1. In other words, two blow-downs occur at M1. So, no such manifold exists.
Case (2) : PD(C) = E1.
In this case, c = −2 so that
a+ b = 2, 2a(b− 1) = 0
where the solution is (a, b, c) = (0, 2,−2) or (1, 1,−2). If (a, b, c) = (0, 2,−2), then [Z0] · [Z0] = −4 so that there
are at least three spheres in Z0 by the adjunction formula, which is impossible since Vol(Z0) = 2. Thus there is no
such manifold.
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If (a, b, c) = (1, 1,−2), then [Z0] · [Z0] = −2 and so Z0 consists of two spheres, say Z10 and Z20 , each of which
has self-intersection number −1 by the adjunction formula. By Lemma 4.4, we get
Z10
∼= Z20 ∼= S2, PD(Z10 ) = x− E1, PD(Z20 ) = y − E1.
See Table 8.2: (IV-2-5).
Case (3) : PD(C) = y − E1.
From (8.10), we have a+ c = 0 and so
a+ 2b = 2, 2a(b− 1)− (1− a)2 = −1
and it has the unique solution (a, b, c) = (0, 1, 0). Similar to Case (1), a cycle representing x−E1 also vanishes at
M1 so that two blow-downs occur simultaneously at M1. Therefore there is no such manifold.
(IV-2-6) : m = 1,Vol(Z0) = 1, (bmin, bmax) = (0, 1)
Note that Z0 is connected and the condition bmin = 0 implies that e(P )+−2 = −y by Lemma 4.1. Moreover,
Vol(Z0) = 1 and bmax = 1 implies that
(8.16) Vol(Z0) = 2a+ 2b+ c = 1, 〈e(P−2 )2, [M2−]〉 = −1 so that 〈e(P+0 )2, [M0]〉 = −2
where the latter one is equivalent to
2a(b− 1)− (c+ 1)2 = −2.
Case (1) : PD(C) = x− E1.
Since b+ c = 1, we have
2a+ b = 0, 2a(−2a− 1)− (2 + 2a)2 = −2
so that (a, b, c) = (−1, 2,−1). That is, PD(Z0) = −x + 2y − E1 and so [Z0] · [Z0] = −5. This contradicts the
fact that Z0 is conencted by the adjunction formula. So, there is no such manifold.
Case (2) : PD(C) = E1.
We have c = −2 by (8.10) which implies that 2a+ 2b = 3. Thus no such manifold exists.
Case (3) : PD(C) = y − E1.
In this case, we have a+ c = 0 so that
a+ 2b = 1, 2a(b− 1)− (1− a)2 = −2.
It has a unique solution (a, b, c) = (1, 0,−1), i.e.,
Z0 ∼= S2, PD(Z0) = x− E1.
See Table 8.2: (IV-2-6). 
Example 8.5 (Fano variety of type (IV-2)). In this example, we describe Fano varieties of type (IV-2) listed in
Theorem 8.4.
• (IV-2-1.1) [IP, 20th in Section 12.4] : Recall that a smooth quadric in CP 4, isomorphic to a coadjoint orbit
of SO(5), admits a maximal torus T 2 action whose moment map image is given on the left of Figure 11
(see also [Cho, Example 6.4]). LetM be the blow-up of the smooth quadric along two disjoint T 2-invariant
spheres with the induced T 2-action. Then the corresponding moment map can be described as on the right
of Figure 7.
Now, we take the S1-subgroup of T 2 generated by ξ = (0, 1) ∈ t. Then the fixed point set consists of
– Z−2 = S2 with µ(Z−2) = (0,−2) (1,−2) and Vol(Z−2) = 1,
– Z−1 = pt with µ(Z−1) = (2,−1),
– Z0 = S2 with µ(Z0) = (−2, 0) (2, 0) and Vol(Z0) = 4,
– Z1 = pt with µ(Z1) = (−2, 1),
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(0, 3)
(3, 0)
(0,−3)
(−3, 0) (2, 0)(−2, 0)
(2,−1)
(−2, 1)
FIGURE 11. Blow up of the smooth quadric along two disjoint lines
– Z2 = S2 with µ(Z2) = (−1, 2) (0, 2)) and Vol(Z2) = 1.
• (IV-2-1.2) [IP, 8th in Section 12.5] : Consider X = CP 1 ×CP 1 ×CP 1 equipped with T 2-action defined
by
(t1, t2) · ([x0 : x1], [y0 : y1], [z0 : z1]) := ([t1x0 : x1], [t2y0 : y1], [t2z0 : z1])
with respect to the normalized monotone Ka¨hler form onX , the moment map image is give in the middle of
Figure 12. (Note that the red double line in the middle indicates the image of the upper-left and lower-right
red edges in the first of Figure 12.)
Let C be the T -invariant sphere given by
C = {([1 : 0], [y0 : y1], [y0 : y1]) | [y0 : y1] ∈ CP 1}
whose moment map image is indicated by the blue line in Figure 12. Then, let M be the T 2-equivariant
blow-up of X whose moment map is described in the third of Figure 12. The fixed point set consists of
– Z−2 = S2 with µ(Z−2) = (1,−2) (2,−2) and Vol(Z−2) = 1,
– Z−1 = pt with µ(Z−1) = (0,−1),
– Z0 = S2 ∪˙ S2 with µ(Z10 ) = µ(Z20 ) = (0, 0) (2, 0) and Vol(Z10 ) = Vol(Z20 ) = 2,
– Z1 = pt with µ(Z1) = (0, 1),
– Z2 = S2 with µ(Z2) = (1, 2) (2, 2)) and Vol(Z2) = 1.
projection blow-up along C
µ(C)
(2, 0, 0)
(0, 2, 0)
(0, 0, 2) (0, 2)
(0,−2) (2,−2)
(2, 2)
FIGURE 12. Blow up of CP 1 × CP 1 × CP 1 along C
• (IV-2-2.1) [IP, 24th in Section 12.4] : Consider the complete flag variety F(3) ∼= U(3)/T 3 together with
the induced T 2-action whose moment map image is given in the first of Figure 13. (See also Example 6.3.)
Let C be a T -invariant sphere (for instance, take a sphere whose moment map image is (0, 0) (0, 2) as in
Figure 13). Let M be the T 2-equivariant blow-up of F(3) along C. Then the moment map image for the
induced T 2-action on M can be depicted as in the second in Figure 13. The fixed point set consists of
– Z−2 = S2 with µ(Z−2) = (1, 0) (2, 0) and Vol(Z−2) = 1,
– Z−1 = pt with µ(Z−1) = (1, 1),
– Z0 = S2 with µ(Z0) = (1, 2) (4, 2) and Vol(Z0) = 3,
– Z1 = pt with µ(Z1) = (1, 3),
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– Z2 = S2 with µ(Z2) = (2, 4) (4, 4)) and Vol(Z2) = 2.
(4, 4)
(4, 2)
(2, 4)
(2, 0)(0, 0)
(0, 2)
(4, 4)
(4, 2)
(2, 4)
(2, 0)
µ(C)
FIGURE 13. Blow up of F(3) along C
• (IV-2-2.2) [IP, 10th in Section 12.5] : Consider CP 1× X2 with the standard T 3-action, whereXk is the k-
times blow-up of CP 2. The corresponding moment polytope is given in Figure 14. Take a circle subgroup
of T 3 generated by ξ = (−1, 1, 0). Then one can easily check that the S1-action is semifree and the fixed
point set consists of
– Z−2 = S2 with µ(Z−2) = (2, 0, 0) (2, 0, 1) and Vol(Z−2) = 1,
– Z−1 = pt with µ(Z−1) = (1, 0, 2),
– Z0 = S2 with µ(Z0) = (2, 2, 0) (2, 2, 1) and Vol(Z0) = 1,
– Z1 = pt with µ(Z1) = (1, 2, 2),
– Z2 = S2 with µ(Z2) = (0, 2, 0) (0, 2, 2)) and Vol(Z2) = 2.
(2, 0, 0)
(2, 0, 1)
(1, 0, 2)(0, 0, 2)
(2, 2, 0)(0, 2, 0)
(0, 2, 2)
(1, 2, 2)
FIGURE 14. S2 ×X2
• (IV-2-3) [IP, 26th in Section 12.4] : Consider CP 3 with the standard T 3-action and let M be the T 3-
equivariant blow-up of CP 3 along a disjoint union of a fixed point and a T 3-invariant sphere. Then the
moment map image of M is described in Figure 15. If we take a circle subgroup of T 3 generated by
ξ = (0,−1,−1), then the S1-action becomes semifree and the fixed point set is give by
– Z−2 = S2 with µ(Z−2) = (0, 2, 2) (0, 3, 1) and Vol(Z−2) = 1,
– Z−1 = pt with µ(Z−1) = (0, 3, 0),
– Z0 = S2 with µ(Z0) = (0, 0, 2) (2, 0, 2) and Vol(Z0) = 2,
– Z1 = pt with µ(Z1) = (3, 0, 1),
– Z2 = S2 with µ(Z2) = (0, 0, 0) (3, 0, 0)) and Vol(Z2) = 3.
(e.g. the blow-up of CP 3 with center a disjoint union of a point and a line with c31(M) = 46) (with
ξ = (0,−1,−1).)
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(0, 0, 4)
(0, 0, 0)
(0, 3, 0)
(0, 3, 1)
(3, 0, 1)
(3, 0, 0)
(0, 0, 2) (2, 0, 2)
(0, 2, 2)(4, 0, 0)
(0, 4, 0)
FIGURE 15. Toric blow up of CP 3 along a fixed point and a T 3-invariant sphere
• (IV-2-4) [IP, 29th in Section 12.4] : Consider V7, the T 3-equivariant blow-up of CP 3 at a fixed point.
(See also Example 6.3.) Take C be any T 3-invariant sphere lying on the exceptional divisor of the blow-up
V7 → CP 3. Then the moment map image is given in Figure 16. Take a circle subgroup generated by
ξ = (0,−1,−1).
(0, 0, 4)
(4, 0, 0)
(0, 4, 0)
(4, 0, 0)
(0, 4, 0)
(0, 0, 2) (2, 0, 2)
(0, 2, 2) (4, 0, 0)
(0, 4, 0)
(0, 0, 2) (1, 0, 2)
(0, 3, 1)
(3, 0, 1)
(0, 1, 2)
FIGURE 16. Blow up of V7 along a T -invariant sphere on the exceptional divisor
The S1-action is semifree and the fixed point set consists of
– Z−2 = S2 with µ(Z−2) = (0, 4, 0) (0, 3, 1) and Vol(Z−2) = 1,
– Z−1 = pt with µ(Z−1) = (0, 1, 2),
– Z0 = S2 with µ(Z0) = (0, 0, 2) (1, 0, 2) and Vol(Z0) = 1,
– Z1 = pt with µ(Z1) = (3, 0, 1),
– Z2 = S2 with µ(Z2) = (0, 0, 0) (4, 0, 0)) and Vol(Z2) = 4.
• (IV-2-5) [IP, 12th in Section 12.5] : We consider Y , the blow-up of CP 3 along a T 3-invariant line (see
Example 7.2). Let C1 and C2 be two T 3-invariant disjoint lines lying on the exceptional divisor of Y →
CP 3. See Figure 17 (a). Let M be the T 3-equivariant blow-up of Y along C1 and C2. Then the moment
map image of the induced T 3-action is given by Figure 17.
Take an S1 subgroup of T 3 generated by ξ = (1, 0, 1). One can easily check that the S1-action is
semifree and the fixed point set is given by
– Z−2 = S2 with µ(Z−2) = (0, 4, 0) (0, 2, 0) and Vol(Z−2) = 2,
– Z−1 = pt with µ(Z−1) = (0, 1, 1),
– Z0 = S2 ∪˙ S2 with
µ(Z10 ) = (0, 1, 2) (0, 2, 2), µ(Z
2
0 ) = (1, 0, 1) (2, 0, 0), Vol(Z
1
0 ) = Vol(Z
2
0 ) = 1,
– Z1 = pt with µ(Z1) = (1, 0, 2),
– Z2 = S2 with µ(Z2) = (2, 0, 2) (4, 0, 0)) and Vol(Z2) = 2.
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(4, 0, 0)
(1, 0, 3)
(1, 0, 0)
(0, 1, 0)
(0, 1, 3)
(0, 4, 0)
(a) Y : Blow-up of CP 3 along a line
(4, 0, 0)
(0, 4, 0)
(b) M : blow-up of Y along C1 and C2
C1
C2
(2, 0, 2)(1, 0, 2)
(0, 1, 2)
(0, 2, 2) (0, 1, 1)
(1, 0, 1)
(2, 0, 0)
(0, 2, 0)
FIGURE 17. Blow up of Y along disjoint T -invariant two spheres on the exceptional divisor
• (IV-2-6) [IP, 30th in Section 12.4] : Consider the T 3-equivariant blow-up V7 ofCP 3 at a fixed point and let
M be the blow-up of V7 along a T 3-invariant sphere passing through the exceptional divisor of V7 → CP 3.
Then the moment map image of M with respect to the induced action is given by Figure 18.
(4, 0, 0)
(0, 4, 0)
(0, 0, 2) (2, 0, 2)
(0, 2, 2)
(a) V7: Blow-up of CP 3 at a point
(4, 0, 0)
(0, 4, 0)
(2, 0, 2)
(0, 2, 2)
(0, 1, 2)
(1, 0, 2)
(1, 0, 0)
(0, 1, 0)
C
(b) M : Blow-up of V7 along C
FIGURE 18. Blow up of V7 along a T -invariant sphere passing through the exceptional divisor
Take a circle subgroup of T 3 generated by ξ = (−1, 0,−1). Then the action is semifree and the fixed
point set consists of
– Z−2 = S2 with µ(Z−2) = (4, 0, 0) (2, 0, 2) and Vol(Z−2) = 2,
– Z−1 = pt with µ(Z−1) = (1, 0, 2),
– Z0 = S2 with µ(Z0) = (0, 1, 2) (0, 2, 2) with Vol(Z20 ) = 1,
– Z1 = pt with µ(Z1) = (1, 0, 0),
– Z2 = S2 with µ(Z2) = (0, 1, 0) (0, 4, 0)) and Vol(Z2) = 3.
9. MAIN THEOREM
In this section, we prove our main theorem 1.2.
Theorem 9.1 (Theorem 1.2). Let (M,ω) be a six-dimensional closed monotone symplectic manifold equipped
with a semifree Hamiltonian circle action. Suppose that the maximal and the minimal fixed component of the action
are both 2-dimensional. Then (M,ω) is S1-equivariantly symplectomorphic to some Ka¨hler Fano manifold with a
certain holomorphic Hamiltonian circle action.
We list all possible topological fixed point data in Table 9.1. Notice that our classification implies that any
reduced space of (M,ω) in Theorem 1.2 is either CP 1 × CP 1, or CP 2# k CP 2 for 1 ≤ k ≤ 4. The following
theorems then imply that those spaces are symplectically rigid (in the sense of [McD2, Definition 2.13] or [G,
Definition 1.4]). (See also Section 3 or [Cho, Section 5].)
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Theorem 9.2. [McD4, Theorem 1.2] Let M be the blow-up of a rational or a ruled symplectic four manifold. Then
any two cohomologous and deformation equivalent8 symplectic forms on M are isotopic.
Theorem 9.3. [G, Lemma 4.2] For any of the following symplectic manifolds, the group of symplectomorphisms
which act trivially on homology is path-connected.
• CP 2 with the Fubini-Study form. [Gr, Remark in p.311]
• CP 1 × CP 1 with any symplectic form. [AM, Theorem 1.1]
• CP 2# k CP 2 with any blow-up symplectic form for k ≤ 4. [AM, Theorem 1.4], [E], [LaP], [Pin] [LLW].
Remark 9.4. In [Cho, Theorem 9.3], the author only mentioned the symplectic rigidity of Xk = CP 2#kCP 2 for
k ≤ 3 since Xk (k > 3) does not appear as a reduced space when an extremal fixed point set is an isolated point.
On the other hand, in our case of Theorem 1.2, X4 appears as a reduced space, see (III.3). Recently, Li-Li-Wu
proved the symplectic rigidity of X4 in [LLW] (where it fails from k = 5, see [Se]).
To complete the proof of Theorem 1.2, we only need to show that each TFD determines FD uniquely. (Then
the proof follows by Gonzalez theorem 1.3 from the fact that every reduced space is symplectically rigid and the
existence of a Fano variety corresponding to each TFD as illustrated from Section 5 to 8.) Note that a topological
fixed point data only records homology classes of fixed components regarded as embedded submanifolds of reduced
spaces. In general, we cannot rule out the possibility that there are many distinct fixed point data which have the
same topological fixed point data.
Recall that any non-extremal part of a topological fixed point data in Table 9.1 is one of the forms
(Mc, [ωc], [Z
1
c ], · · · , [Zkcc ]), c = −1, 0, 1.
If c = ±1, then all Zic’s are isolated points. In this case, the topological fixed point data determines a fixed point
data uniquely, since if
(Mc, ωc, p1, · · · , pr) and (Mc, ω′c, q1, · · · , qr), pi, qj : points, [ωc] = [ω′c],
then it follows from the symplectic rigidity of Mc (obtained by Theorem 9.2 and Theorem 9.3) that there exists a
symplectomorphism φ : (Mc, ωc)→ (Mc, ω′c) sending pi to qi for i = 1, · · · , r. (See [ST, Proposition 0.3].)
For c = 0, we note that every Zi0 in Table 9.1 is a sphere with self intersection greater than equal to −1. Then
the following theorems guarantee that any symplectic embedding Z0 ↪→M0 in Table 9.1 can be identified with an
algebraic embedding.
Theorem 9.5. [LW, Proposition 3.2][Z, Theorem 6.9] Any symplectic sphere S with self-intersection [S]·[S] ≥ 0 in
a symplectic four manifold (M,ω) is symplectically isotopic to an (algebraic) rational curve. Any two homologous
spheres with self-intersection −1 are symplectically isotopic to each other.
Furthermore, we may apply the following lemma to each reduced space since every rational surface X satisfies
H1(X,OX) = 0.
Lemma 9.6. [Cho, Lemma 9.6] Suppose that X is a smooth projective surface with H1(X,OX) = 0. Let H1 and
H2 be two smooth curves of X representing the same homology class. Then H1 is symplectically isotopic to H2
with respect to the symplectic form ωX = ωFS|X on X .
Now we are ready to prove Theorem 1.2
Proof of Theorem 1.2. Let (M,ω) be a six-dimensional closed monotone symplectic manifold with c1(TM) = [ω].
Also assume that (M,ω) admits a semifree Hamiltonian circle action with the balanced moment map H : M → R.
By Table 9.1, we know that any reduced space is either
CP 1 × CP 1, CP 2#kCP 2, k ≤ 4
8Two symplectic forms ω0 and ω1 are said to be deformation equivalent if there exists a family of symplectic forms {ωt | 0 ≤ t ≤ 1}
connecting ω0 and ω1. We also say that ω0 and ω1 are isotopic if such a family can be chosen such that [ωt] is a constant path in H2(M ;Z).
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and hence is symplecticaly rigid by Theorem 9.2 and Theorem 9.3. Moreover, we also know that there exists a
smooth Fano 3-fold admitting semifree holomorphic Hamiltonian S1-action whose topological fixed point data
equals Ftop(M,ω,H). So, it remains to show that Ftop(M,ω,H) determines F(M,ω,H) uniquely.
By Theorem 9.5, we may assume that every (Mc, ωc, Zc) ∈ F(M,ω,H) is an algebraic tuple, that is, Zc is
a complex (and hence Ka¨hler) submanifold of Mc for every critical value c of the balanced moment map H .
Moreover, since any reduced space is birationally equivalent to CP 2, we see that H1(Mc,OMc) = 0 and therefore
we may apply Lemma 9.6 so that (Mc, ωc, Zc) is equivalent to the fixed point data (Xc, (ωX)c, (ZX)c) of X at
level c. This completes the proof. 
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(M0, [ω0]) e(P−2+) Z−2 Z−1 Z0 Z1 Z2 b2 c31
(I-1) (S2 × S2, 2x+ 2y) x− y S2 S2 1 64
(II-1.1) (S2 × S2, 2x+ 2y) −y S2 Z0 ∼= S2, PD(Z0) = x+ y S2 2 48
(II-1.2) (S2 × S2, 2x+ 2y) −y S2 Z0 ∼= S2, PD(Z0) = x S2 2 56
(II-1.3) (S2 × S2, 2x+ 2y) −y S2
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = PD(Z
2
0 ) = y
S2 3 48
(II-2.1) (ES2 , 3x+ 2y) −x− y S2
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = y, PD(Z
2
0 ) = x+ y
S2 3 48
(II-2.2) (ES2 , 3x+ 2y) −x− y S2 Z0 ∼= S2, PD(Z0) = 2x+ 2y S2 2 40
(III.1)
(ES2# CP 2,
3x+ 2y − E1)
−y S2 pt pt S2 2 54
(III.2)
(S2 × S2# 2CP 2,
2x+ 2y − E1 − E2)
−y S2 2 pts 2 pts S2 3 44
(III.3)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 3 pts 3 pts S2 4 34
(IV-1-1.1)
(ES2# 2CP 2,
3x+ 2y − E1 − E2)
−x− y S2 2 pts
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = x+ y − E1 − E2
PD(Z20 ) = x− E1
2 pts S2 5 36
(IV-1-1.2)
(ES2# 2CP 2,
3x+ 2y − E1 − E2)
−x− y S2 2 pts
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = y
PD(Z20 ) = x+ y − E1 − E2
2 pts S2 5 36
(IV-1-1.3)
(ES2# 2CP 2,
3x+ 2y − E1 − E2)
−x− y S2 2 pts Z0
∼= S2
PD(Z0) = x+ y − E1
2 pts S2 4 36
(IV-1-2)
(ES2# 2CP 2,
3x+ 2y − E1 − E2)
−x− y S2 2 pts Z0
∼= S2
PD(Z0) = x− E1
2 pts S2 4 40
(IV-2-1.1)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt Z0
∼= S2
PD(Z0) = 2x+ y − E1
pt S2 3 38
(IV-2-1.2)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = PD(Z
2
0 ) = x+ y − E1
pt S2 4 38
(IV-2-2.1)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt Z0
∼= S2
PD(Z0) = x+ y
pt S2 3 42
(IV-2-2.2)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt
Z0 = Z
1
0 ∪˙ Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = y
PD(Z20 ) = x+ y − E1
pt S2 4 42
(IV-2-3)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt Z0
∼= S2
PD(Z0) = x
pt S2 3 46
(IV-2-4)
(ES2# CP 2,
3x+ 2y − E1)
−x− y S2 pt Z0
∼= S2
PD(Z0) = E1
pt S2 3 50
(IV-2-5)
(S2 × S2# CP 2,
2x+ 2y − E1)
−y S2 pt
Z0 = Z
1
0 ∪˙Z20
Z10
∼= Z20 ∼= S2
PD(Z10 ) = x− E1
PD(Z20 ) = y − E1
pt S2 4 46
(IV-2-6)
(S2 × S2# CP 2,
2x+ 2y − E1)
−y S2 pt Z0
∼= S2
PD(Z0) = x− E1
pt S2 3 50
TABLE 9.1. List of topological fixed point data
